























Copyright and moral rights for this work are retained by the author 
 
A copy can be downloaded for personal non-commercial research or study, 
without prior permission or charge 
 
This work cannot be reproduced or quoted extensively from without first 
obtaining permission in writing from the author 
 
The content must not be changed in any way or sold commercially in any 
format or medium without the formal permission of the author 
 
When referring to this work, full bibliographic details including the author, 

















SOME PROBLEMS IN THE 
MATHEMATICAL THEORY GP ELASTICITY. 
By
ROBERT JAMES TAIT
A th e s is  subm itted to  the U n iversity  of* Glasgow in  support o f  an a p p lica tio n  




INFORMATION TO ALL USERS 
The quality of this reproduction is dependent upon the quality of the copy submitted.
In the unlikely event that the author did not send a com p le te  manuscript 
and there are missing pages, these will be noted. Also, if material had to be removed,
a note will indicate the deletion.
uest
ProQuest 10984163
Published by ProQuest LLC(2018). Copyright of the Dissertation is held by the Author.
All rights reserved.
This work is protected against unauthorized copying under Title 17, United States C ode
Microform Edition © ProQuest LLC.
ProQuest LLC.
789 East Eisenhower Parkway 
P.O. Box 1346 
Ann Arbor, Ml 48106- 1346
SUMMARY
The problems tack led  in  th is  th e s is  f a l l  in to  two main s e c t io n s . Part I  
d ea ls  w ith  and develops a method o f  so lv in g  s te a d y -sta te  therm oelastic problems 
and P art XI g iv e s  a method o f  so lv in g  crack problems fo r  e la s t i c  bodies o f  
c y lin d r ic a l form.
P art I  develops a method f i r s t  suggested  by Lur* e (1933) fo r  the so lu tio n  o f  
the equations o f thermoelas t i c  equilibrium . The f i r s t  few sec tio n s  s ta te  and 
exp la in  how th is  so lu t io n  i s  derived . Talcing .the sim p lest forms o f  fu n ction s which 
can be used  in  Lur, e ' s  so lu tion *  we so lv e  the problem o f  a th ick  e la s t i c  p la te  having 
s tr e s s  fr e e  boundaries and deformed by a known temperature d is tr ib u tio n  on i t s  
su r fa ces . A s p e c ia l case  o f 1h is so lu tio n  i s  shown to  be equ ivalent to  a sp e c ia l 
case o f  a so lu t io n  derived  by Sneddon and Lockett ( 1960) ,  who so lved  the same 
problem using in te g r a l transform methods. I t  i s  shown a ls o  that elementary so lu tio n s  
may be used to  so lv e  the problem o f  a heat source p laced  a t  a p o in t ou tsid e  an 
e la s t i c  m ater ia l. Using Fourier transform techniques we show th a t, using  the same 
b a s ic  s o lu t io n , we can so lv e  a number o f  problems concerning s e m i- in f in ite  media, 
th ick  p la t e s ,  and th ick  p la te s  on r ig id  foundations, where in  each case the ex ter io r  
bounding su rfaces are fr e e  from s tr e s s  and are deformed by known temperature 
d is tr ib u t io n s . The so lu tio n s  derived by Muki (1957) fo r  an unsymmetrical temperature 
d is tr ib u tio n  are derived using th is  sim pler method. The b a sic  so lu tio n  i s  ap p lied , 
in  the form o f  double F ourier s e r ie s  to  so lv e  a c la s s  o f problems dealing  w ith  
rectangular p a ra lle lep ip e d s . We conclude P art X w ith a d iscu ssion  o f  the ap p lica tion  
o f  Henkel transforms and Bird, s e r ie s  to  the b asic  so lu t io n , and show that a number of 
problems concerning symmetrical e la s t i c  b o d ie s , embedded in  a r ig id  m ateria l, im­
pervious to  the flow  o f  heat and where the fr e e  surface o f  the e la s t ic  me. te  r ia l  i s  
deformed by a known temperature d is tr ib u t io n , may be so lved  in  the fora o f  a se r ie s  
so lu t io n . Numerical work was carr ied  out fo r  one sp e c ia l ca se .
In P art I I ,  we deal w ith the problems o f cracks in  cy lin d e rs . <e consider  
an in f in i t e ly  long cy lin d e r , o f  f i n i t e  radius c ,  containing a penny shaped crack o f  
radius 1 ,  on the cen tra l plane a e  0 . The crack i s  assumed to  be subjected  to  an 
in te r n a l pressure —p (p ) over i t s  su r fa ce , and we assume a lso  that the problem i s  
symmetrical about the s  a x is .  The two problems o f  g rea te st in te r e s t  are the cases
in  which the w a lls  o f  the cy lin der p  s  c ,  are
(1 ) fr e e  from s tr e s s  i . e .  there i s  no shear nor normal s tr e s s
( 2 ) clamped i . e .  there i s  no shear s t r e s s  nor normal displacem ent.
Use i s  made o f two forms o f  so lu tio n  g iven  "by Sneddon (1954 and 1961) ,  and by 
combining th e s e , togeth er w ith the use o f  in te g r a l transform theory, the equations 
are reduced to  the s o lu t io n , in  both c a s e s ,  o f  a  s in g le  Fredhoim in te g r a l equation  
o f  the second k ind . In  the case  o f  the cy lin d er  w ith  damped w a lls ,  two methods o f  
so lu tio n  o f  the in te g r a l equation are su ggested . Numerical ca lcu la tio n s  are carried  
out fo r  the case  where the pressure across the crack i s  con stan t.
PabCi'ca-tiorj: On Lar'e;s  So\u. t ion  o f  t h e  E q u a t i o n s  o p  T b e r m o e f a s t i c  Ecjuf£fbnun7
( j b  Problems o f  C .o n b i n u a m  M e - d n& n fcs  ’] S o c .  loc(.
PbiLscicL^bis , 1 p p .  4,97 -SIB. .
PREFACE
The problems considered  in  th is  th e s is  f a l l  in to  two main 
s e c t io n s .  The f i r s t  p a r t, contained  in  paragraphs 9 to  i s  
concerned w ith  se v e r a l problems in  the theory o f th erra o e la stic ity .
A sim ple s o lu t io n  o f  the mathematical eq u ation s, f i r s t  derived  by the 
R ussian mathematician A .I .L u r 'e , i s  developed in  th is  s e c t io n . The 
method i s  shown to  s o lv e ,  sim ply, sev era l problems considered  by other  
authors and so lv ed  by them using  a v a r ie ty  o f com plicated methods. The 
method i s  a ls o  shown to  be ap p licab le  to  a number of o ther problems.
In  the second part o f th is  work our in te r e s t  i s  centered  on craclr. problems. 
We con sid er  the problems o f cracks in  a th in  e la s t i c  s t r ip  and in  
cy lin d e r s  o f  f i n i t e  ra d iu s. In each case i t  i s  shown th a t the problem 
can be reduced to  the so lu tio n  o f  an in te g r a l equation , and fo r  a 
p a r t ic u la r  case we so lv e  th is  num erically .
I  should l ik e  to  express my thanks to  P ro fessor  I.N.Sneddon who 
su ggested  most o f  the problems con sid ered , and under whose su perv ision  
the work was ca rr ied  ou t. I  am indebted  a lso  to  Dr. R .P .S rivastav  and 
P ro fesso r  Sneddon fo r  a llow ing me to  examine th e ir  as y e t  unpublished  
work on dual s e r ie s ,  referred  to  in  paragraph 16 as Sneddon and S rivastav  
( 1962 ) .  A ll  the num erical work was ca rr ied  out on the DEUCE e le c tr o n ic  
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A n a ly sis  o f  3 t r a in .
I f  we con sid er  a body o f len g th  L in. some d ir e c t io n , and extend i t ,  in  th at d irec tio n ,
to  le n g th  L + A L , then we say th a t the body i s  under a s tr a in  ^  A L /L . We wish to
g e n e r a liz e  th is  con cep t and, fo llo w in g  Sok oln ik off ( l9 4 6 ) ,  we d efin e  a body to  be stra in ed
whenever' the r e la t iv e  p o s it io n s  o f p o in ts  in  the body are a lte r e d .
L et us take a rectan gu lar s e t  o f  axes ( x , x , x ) t o  describ e the p o s it io n  o f any
1 2 3
p o in t P o f  a body. L et the p o s it io n  o f P before deform ation b e ( x  ,  x , x ) = x and l e t1 2  3
i t j  in  the s tr a in e d  case  be x r = ( r 11 x^, x^ ) as shown in  F ig .1 .1
x X - )
F ig ,  1 .1
L et us assume th a t we can connect the new p o s it io n  co -ord in a tes x f w ith  the o ld  ones
x by means o f  continuous fu n ctio n s  x! such th at  ~  i
x l = x  )3( i  = 1 » 2 , 3 ) (1 .1 )
I f  th is  can  be done, then p h y sica l con d ition s demand that there i s  a (1- 1 ) corres­
pondence between P and P’ and so there must e x is t  s in g le  valued in verse  fu n ction s x, such 
th a t
= x . ( x ^  x ’ xM  ( i  = 2 , 3 ) ( 1 . 2 )x,i  “2 * ^"s/ i
L et us make the assum ption th at these fu n ction s are l in e a r . Then, w rite
x; = a _ + ( 6 ,  4 + a }x  ( i ,  j » 1 ,  2 ,. 3 )10 ' ' I j  T J = '» '  j  (1*3)
where we have taken the d ~ 1 s 2 ,  3 ) to  be the constant c o e f f ic ie n t s  and 5 i s
the Kronecker d e lta  fu n ctio n  which takes the values
We have a ls o  adopted the summation convention,
(1 «4)
Since we shall deal only with infinitesimal deformations we may assume that the
a., . ( i ? j -- 1 9 2$ 3) are sm all and th a t products o f them are n e g lig ib le .  I f  th is  i s  so 
3-tJ
and we apply two su c c e ss iv e  transform ations to  the p o in t x  as fo llo w s
+ a A - i ) X .■J ' ” 3-0' J
^k ~ y ko +  ^ 6 k i  + y ki^x:
then
*k = ( a ko + y l J  + ( 8 kj  + “ kj  + y k.i)x .i i^ »  d = 1 > 2 , 3 )  (1 .5 )j
i t  fo llo w s .th a t we may superimpose any number o f su ccess iv e  deform ations,
Consider now any qu antity  in. the e la s t i c  .material which can be w ritten  as a vector A 
say# Then
A = (A * A - A ) = A. *  (x . -  x? )
and i t  fo llo w s  im m ediately from F ig el ,2  and equations ( l , 3 ) and ( l  „3 ) that
A  -  A  = 6 A± = a _  A .  } ( i ,  J = 1 , 2 , 3)
fo r  a s in g le  deform ation and
SA. = ( « . . +  y ) X (±,  j  = 1,  2,  } )






I f  we con sid er on ly  r ig id  body motion 5 l A | = 0  and s in ce
A = A± • h
i t  fo llo w s  th a t
|A| 5 |A| = A± 6A± = a ± . A ±A^  j  = 1 , 2 S 3)
“ i j  = " “ j i  J = 2 j 3 )
( 1 . 6 )
(1 .7 )
( 1 . 8 )
3sin u e A i s  a rb itra r y .
Then the gen era l transform ation may he w r itten
a . . -  a . .
6 A.
a. . + a. .
, 3d __ 33; *  A.
D $ ^ - 9  j — 1 9 2-9 3^
= e . . A . + w . . A .
J J
where e .^  = i (  « ±j + « j;L)
^ i j  a i j  a ji^  *
I t  i s  then e a s i ly  seen  th a t the w. . ( =  1 , 2- 3 ) rep resen t a r ig id  body motion and thatlj# *
i f  we con sid er  pure deform ation only
 ^ “ e i j^ * C?-9 j = 1 9 3^ ( 1 .9)
The n ine components e„ . ( i ,  j = 1 , 2 , 3 ) form a ten sor c a l le d  the s t r e s s  ten so r .
C onsider now what we mean by the displacem ent o f a point* Consider the p o in t P ° (x ° )
and a f t e r  deform ation l e t  i t  take up the p o s it io n  p^ (x 1 ° ) .  We denote the v ector  P°P* 0
by u°= (u ^9 u -2 , u ) and c a l l  t h i s  the displacem ent o f P
u. = x!° -  x? (-1 .-10)
2. ZL 1  N '
In  Pig* 1 *3 con sid er  the p o in ts  P ° (x ° )  and P (x) jo in ed , b efore deform ation by a vecto r  A„
x
1
Then, we may w rite
P ig . 1 .3
. (x  . x  , x  ) = u . (x° + A - x° + A , x° + A ) = x! -  x .
1' 1 * 2 5 3' 3. 1 1 *  2 2 * 3  y  1  1
8 A. -  (x! “ x !° )  -  (x„ -  x?)
1  2. 1  1  2 /
= u ,($ )  -  u .(x ° )
4Thus,
where u .
i ,  3
3u.__ i
3 x . 
3
6 A. -  u.
i  i ,  3
A .  ^ L’*’’ 3 — "1 j 2 , 3 (1 .11)
and we have u sed .T ay lor 's  expansion.
Thus provided a l l  deform ations are in f in ite s im a l,  the preceding theory i s  v a lid  and, 
comparing equations ( l . 1 l ) ,  ( l . 6 )  and ( l  ,9 )  we deduce
. + u j ,  i^ ) 3 -   ^ 9 2-9 $ • ) ( 1 ..12)13 i ,  3 ' 3;
I t  remains on ly  to  d iscu ss  what con d ition s we require to  ensure co n tin u ity  o f d isp la ce­
ment. This q u estion  i s  d e a lt  w ith  in  S ok o ln ik off ( l9 4 6 , p p .24 , 27 ) and he d erives the 
fo llo w in g  equations o f c o m p a tib ility
e = ( - e  + e
1 1 , 2 3  2 3 ) 1  3 1 2
2 2   ^ 31 =  ( -e 3 1 , 2 + e 1 2
*  e i 2 5 3^ 1  
+ e 23 1 1  ^32
e = ( —e + e + e  ) .3 3 , 1 2  1 2 ) 3  2 3 ) 1  3 1 ) 2 '  * 3
2 e 1 2 ; 1 2 = e'11 > 22 + e 22 , 11
(1 .13 )
2 e — e + e
2 3 , 2 3  2 2  1 3 3  3 3 -, 2 2
2- e = e + e
3 1 )  3 1 3 3  ) 1 1  1 1 ) 3 3
§ 2 .  A nalysis o f s t r e s s .
We b eg in  by d if fe r e n t ia t in g  between the two types o f fo rce  which e x i s t  in  an e la s t ic
body.
(a) As the mass i s  con tin u ou sly  d is tr ib u te d , so i s  any fo rce  stemming from the mass0 
When re fe rred  to  the u n it  o f mass th is  type o f force  i s  c a l le d  the unit-body fo r c e .
(b) In  s t r e s s  a n a ly s is ,  we consider the su rface fo rce  d is tr ib u te d  over surfaces drawn in  
the m a ter ia l, w h ile  the body fo rce s  are d is tr ib u ted  throughout the volume.
These are the two types o f fo r c e  presen t as g iven  in  Prager ( l 9 ^ l ) .
I f  we w rite  e . as the u n it  vector along the x. a x is  and take P = e . F. to  represent the
ZL rv '•'ZL ZL




P. d r J 0  = 1 . 2 ,  3 )
and s im ila r ly  the r e su lta n t  moment M = e . Mi. may be w ritten
M. = / € . - x . P, d r ^ n .  = 1 ,  2 ,  3 )  1  J T i j k  j  k 5 ^  9 9 ^  j
( 2 . 1 )
( 2 . 2 )
Consider now an elem ent o f m ateria l as shown in  P ig . 2.1 w ith  volume AV and surface  
area A cr . L et the surface fo rce  per u n it  area a t  any p o in t w ith  normal v be represented  
by T or g en era lly  T where  ^y  ^ T i s  not n e c e s sa r ily  in  the d ir e c t io n  v .
( lOrp
/V
F ig . 2.1
Then £  i s  c a l le d  the s tr e s s  v e c to r .




2 2 2 2
o
F ig . 2 .2
6I i )L et T denote the s tr e s s  v ec to r  a ctin g  on the fa ce  perpendicular to the x. ax is  and 
»%* -i-
w rite
( l )  l = 2 j Tid  j 3) ( 2 . 2 )
where T . . i s  the component o f  ^  T in  the x .  d ir e c t io n , r . . ( i ,  j  -  1 , 2 . 3) d efin e nine-  J * 9 9
q u a n tit ie s  c a l le d  the components o f s t r e s s  ten sor and when these are known, so  i s  the s ta te
o f s t r e s s  a t  any p o in t in  the body.
The arrows in  F ig . 2 .2  in d ic a t in g  the vectors
e . T ,  e t . . . . . . .  e T
.^■1 11 2 1 2  ^ 3  3 3
rep resent the d ir e c t io n  o f the fo r c e s  th a t , fo r  p o s it iv e  7 are exerted  by the m aterial
e x te r io r  to  the p a r a lle l ip ip e d  on the m atter w ith in  i t .  Draw normal v to  any fa c e . Then
i f  the normal has the d ir e c t io n  o f p o s i t iv e  d ire c tio n  o f x^ , the p o s it iv e  t ^  act in  the 
d ir e c t io n  o f  p o s it iv e  x^ 3 whereas i f  the normal has d ir e c t io n  o f n ega tive  x^, the p o s it iv e  
t  ^  a c t in  the d ir e c t io n  opposite to  the p o s it iv e  d ir e c tio n s  o f x^. T en s ile  s tr e s s e s  are 
thus p o s it iv e  and com pressive ones n e g a tiv e .
7 ( i  = 1 , 2 ,  3 ) are c a l le d  normal components o f s t r e s s  and
t  . .  ( i  t  j „ ± ,  j = 1 , 2 ,  3 ) are c& lled  shear components o f s t r e s s .
-LJ
Now con sid er  the F ig . 2,3*
x F ig . 2 .3i
7We s h a ll  apply the equilibrium  p r in c ip le ,  which s ta t e s  that: In  a continuum, a t r e s t  or
in  m otion, the su rface fo r c e s  tran sm itted  onto the continuum in s id e  any volume V are a t  each 
in s ta n t  in  equ ilibrium  w ith  the body fo r c e s  a ctin g  on th is  part of the continuum (provided  
th a t ,  fo r  moving body, in e r t ia  fo r c e s  are included  in  the body fo rce s)*
I f  we w rite  the area o f the fa c e  ABO to  be <7 , i t  i s  e a s i ly  seen  th a t , fo r  the equilihriui] 
p r in c ip le  to  ap p ly , in  d ir e c t io n  x^ ( i  = 1 , 2 , 3 )
( + e )or + ( - ?  t « ,  ) m .  + ( I \  +<f ! )Jh<r  = 0
■j- -  j-i ^ j-
where v . = c o s (x „ , v ) and £ c . s*. tend to  zero as h —» 0 . Then as h —> 0 9
Cv)
Ti  = Ti i wa > d -  j  = u  2 ,  3) (2 .3 )
Thus i f  T . ( i ,  j = 1 , 2 ,  3 ) are known, the s ta te  o f  s tr e s s  a t  the p o in t P i s  knownc 
I t  remains to  determine the equations o f equ ilibrium . Suppose we con sid er an arb itrary  
volume r w ith  su rface area a , o f a continuous medium which i s  in  eq u ilib riu m . Then
j  P., d r  + J ^  T  ^ d a  = 0 ^ 1 = 1 , 2 , 3
which means, u sin g  the Divergence Theorem, th at
/ (P. + r  . .  . )d r  = o
J t  2- D i  > D
and th a t s in c e  the volume r i s  a r b itr a r y ,
P + t  • = 0 .  (2 .4 ) '
J 1 ) J
S im ila r ly , from a con sid era tio n  o f the moments, we may derive
€ i  jlk  r jk  0
which means th at
T . . = T .. ( 2 .3 )
and so the s tr e s s  ten so r  i s  symmetric.
The p r in c ip le  s t r e s s e s  occur when the three normal s t r e s s e s  are f i n i t e  but a l l  the
others are zero They may be determined from the equation in  T
I -  8 . . r | . _ 0 ( 2 . 6)
The maximum shearing s t r e s s ,  of importance in  p r a c t ic a l a p p lica tio n s  i s  equal to  one h a lf
the d iffe r e n c e  between the g r e a te s t  and le a s t  p r in c ip a l s t r e s s e s .
§ 5 . S tr e s  s  - s  tr a in  r e la  t io n s .
I t  was f i r s t  noted by Hooke, and enunciated as a law by him, th at the ex ten sion  o f a rod  
was p rop ortion a l to  i;he ap p lied  fo r c e . I f  the ten sio n  in  the rod T i s  p lo tte d  a g a in st i t s
8ex ten sio n  e , a graph i s  obtained s im ila r  to  F ig . 3„1
T
Fig 3.1
In  the reg io n  denoted by OP, Hooke's law  holds and we may w r ite
T = E e ( 3 d )
where E i s  known as Young’s Modulus. I t  i s  in  th is  reg ion  th at we are in te r e s te d  and the 
equations o f e l a s t i c i t y  which we s h a l l  use are based on Gauchy’s  g en era liza tio n  o f th is  law, 
I f  we w rite
T = T 9 T -  T 9 T = T T -  T ,  T — T _ T  -  V
1 1 1 2 2 2  3 3 3  4  2 3  5 ’ *  93  t 1 2
e = e 
1 1 1 2 ' ' 2  2 '  3 3 3 ? _ 4
then Gauchy made the assumption th a t




where the c ^  are co n sta n ts .
I f  i t  i s  fu r th er  assumed th a t the e l a s t i c  m ateria l i s  homogeneous and is o t r o p ic ,  then  





= c = c = c =










C55 =  C44 = 4 (c  -  c ) = ju ^ ' 1 1  12 sa y ,
and th at a l l  the other c o e f f ic ie n t s  are zer o . The con stants (j. and \  are c a l le d  Lame’s 
con stants a f t e r  G-. Lame/  ( ) ,  and s in c e  the equations (3«3) must p o ssess  a unique
in v erse  we have th a t
X ^ o ,  (3X  + 2 ^) | 0 ,  (3 .4 )
The equations ( 3 .3 )  now reduce to  the form
r ± . = + 2. fu q i  . ? ( i ,  j = 1 ,  2 ,  3) (3 .3 )
9where A = e + e + e . and 6 . . i s  the Kroneeker d e lta  0
2 2  3 3  3-J
We may now c o l l e c t  the various equations governing the s ta te  o f s tr a in  and s tr e s s  in
an e l a s t i c  hodyD
From (3*5) above3 we have
T o. 3 k 6. . A + 2 u e .  . ^ id
and. from the equations o f  equ ilibrium  ( H O
r i j ,  j  + : p i  = 0 ,  ( i »  d  = 1 ,  ? ,  3)  ( 3 . 6)
Further we know from equation ( i - a )
e i j  =  i ( u i i  j  +  “ j ,  i )  » ( i '  j  =  1 -  2 > 3 )  .  ( 3 . 7)
On. the su rface o f  the body we must have / \
{ v ) n .  (3 . 8 )T • o y . = 2.id  j
and from the eq u ation s o f co m p a tib ility  6 - I 3 )
e i j » W  +  e i d i i 3 ~  © t h , a ' i  -  e j j , i k  -  o  ( 3 . 9)
I t  can then be shown th a t i f  we f in d  a so lu tio n  s a t is fy in g  equations (3»5) and (3„6) 
su b jec t to  equation  (3*9) •> then th a t so lu tio n  i s  unique0
We then have a system  o f n ine equations in  7  ^  } ( i s j = 1 9 2* 3 ) to  so lv $ 0
The d i f f e r e n t ia l  equations o f motion o f an e la s t i c  s o l id  can be ob ta in ed  from 
equation (3  06) by adding the foreads o f motion to  the body fo r c e s  g iv in g
r . + F . = p i i .  , ( i p j  = 1 j 2j 3 ) (3«10)
— d J  J  — ‘—
where p i s  the d e n s ity  o f  the body*
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§4- B asic  equations o f  th erm o e la stic tty  I
In  the previous paragraphs we have considered  the deform ations and s tr e s s e s  s e t  up. in  a 
c la s s ic a l  e l a s t i c  body by surface and body fo r c e s .  I t  has been assumed th a t the e l a s t i c  bodies
being deformed are kept a t  a con stan t tem perature. However p. when an e la s t i c  s o l id  i s  subjected
to  a non-uniform temperature d is tr ib u t io n , neighbouring elem ents w i l l  tend  to  con tract or expand 
by varying amounts. The e l a s t i c  p ro p ertie s  o f the m aterial w i l l  cause th ese  ex ten sion s or 
con traction s to  be reversed , and by expending an amount o f energy in  doing t h i s ,  w i l l  cause a 
change o f  tem perature. Thus., the r e su lta n t  deform ation must be considered  as the sum o f  the 
thermal and e l a s t i c  e f f e c t s .
L et us make the assumption th a t the t o t a l  s tr a in  component e^ . ( i ,  j = 1 ,  2 , 3 ) i s  compos-
t  / \  ^ eed o f two separate s tr a in s  e.*  ^ j = 1 ,  2 , 3 ) s the thermal s tr a in  and e^ „, the e la s t i c  s tr a in .
Then
e i j  = e± j  + ^   ^ = 1s> 2> ^
We have a lrea d y , in  a p revious paragraph, considered  the s tr a in  tensor e? . y ( i ,  j = 1 5 2 , 3)
and I t s  connections w ith  the s t r e s s  ten sor  r . „(i«> j = 1 ,  2 ,  3 ) .  Consider now the thermal 
ts t r a in  ten sor e.t . 3 ( i ,  j = 1 ,  2 , 3 ) .
. +Under fr e e  thermal expansion an is o tr o p ic  body exp erien ces the s tr a in  e.w. w hich, referred
to  a rectan gu lar  s e t  o f  axes (x  ,  x  , x  ) are g iven  by
6i j  — a ® 6±j *(=•* 1 = 1 * 2 ,  3 ) (4 .2 )
where 6  i s  the temperature change from T, the temperature o f  the s o l id  in  a s ta t e  o f zero s tr e s s  
and s t r a in ,  a i s  the c o e f f ic ie n t  o f l in e a r  expansion and 6 . . i s  the Kroneeker d e lta . We 
assume th a t 6  i s  s u f f i c ie n t ly  sm all fo r  the thermal p ro p ertie s  to  remain con stant throughout 
the tim es .in which we are in te r e s te d .
We return  now to  equation  (3»5) which g iv e s  the s t r e s s - s t r a in  r e la t io n
ri j  ~ X A 6 i j  + 2  ^ e i j  j  ( i*  j = 1 * 2 ,  3 ) (k .3 )
[where A =
S u b stitu tin g  in  th is  equation  from equations (4o2) and (4*1) we obtain  the r e la t io n
| r i j  ~ ^  A “ y 6   ^ 6 i j  + 6 i„j 3 C1 ’ j  = 1 9  2 , 3) (4o4)
where X ,  /i are Lame8 s  co n sta n t, y  -  ( 3  X + 2 H )ctjand.
A = e . . .11
Equation (4*4) i s  known as the Duhammel-^eumann Law, and was d iscovered  independently by 
Neumann ( 18.85 ) and Duhammel ( 1838 ) .
S ince we have in troduced  temperature Q to  our equations we must add a fu rth er  equation  
to our s e t  o f equations governing the behaviour o f the e la s t i c  body v iz .  the equation describ ing  
the behaviour o f  6  ,  In  the case in  which we are most in te r e s te d  v i z . ,  the steady s t a t e ,  the
11
equation  fo r  0 tak es the form.
K V 2 0 + ^  = 0 (4 . 5 )
where K i s  the c o n d u ctiv ity  o f th e m a ter ia l, and Q i s  r e la te d  to  the q u a n tity  o f heat generated,
per u n it  volume q "by the equation
Q = < /  9 o (4o6)
where p i s  the d en sity*  c the s p e c if ic  h eat per u n it  mass o f  the m a ter ia l, and we have w r itten
V2 0 = Q ? ±± ( i  = 1 ,  2 , 3 ) (4 . 7 )
0 0i where we have used th e convention  th a t -r — » = 0 . .9 X. . a .
ZL
For com pleteness we co n sid er  the equations when time must a lso  he con sid ered .
By the methods o f r e v e r s ib le  thermodynamics, B io t (l95&) has shown th a t the e i d ^ y  js 
per u n it  volume o f  the s o l id  i s  g iven  by
s  = c p lo g ( l  + ) + yA (4 .8 )
. where the addi.tive con stan t in v o lv ed  in  the d e f in it io n  o f entropy has been chosen so  th a t it
i s  zero in  the re feren ce  s ta te *  (T + 0 ) i s  the ab so lu te  temperature and 6  , T, p ,  e y y
s and A are as d efin ed  above* I f  8  i s  sm all compared w ith  T we may w rite
s  = + yA (4*9)
fo r  the en tfopy p er u n it  volume. The q u antity  o f heat absorbed by u n it  volume o f the s o l id  in
i’ the course o f sm all deform ations and sm all v a r ia tio n s  in  temperature i s  g iven  by the r e la t io n
h -  T s  = p c  6  + y TA (4o10)
From the theory o f  conduction  o f heat in  s o lid s *  i t  i s  known th a t the v a r ia tio n  o f heat
j w ith in  an is o tr o p ic  body i s  governed by the equation
f ~ = K ( ^ 2 e + q  ( 4 . 1 1 )
S u b stitu tin g  in  equation  (4.11 ) from (4 .10)  we have
p c | f + ? T - f L = K( ^ e + q
jw hich may be w r itten
( ~  9 + Q = e + y ' A  (4 „12 )
*  00jHHaere we have w r itte n  0 to  denote ,  K i s  the c o n d u c tiv ity , p the d e n s ity  and c the 
..•(Specific h ea t o f the m ateria l*  y * has been w r itten  fo r  y l /  p c where y = (34  +2l~i )& »
The s e t  o f s ix t e e n  equations denoted by equations (4*12) ,  (3*7) * (4 .4 )  and (3.&) i s  
s u f f ic ie n t *  when taken w ith  the appropriate boundary con d itio n s to  determ ine the temperature, 
v a r ia tio n , and the components o f  s t r e s s  and displacem ent when the h ea t sources and body fo rces  
ire prescribed*
* 5. D im ension less form o f the eq u a tio n s .
In  working w ith  the equations o f e l a s t i c i t y  i t  i s  o fte n  more convenient to  use a 
dim en sion less form o f  eq u ation . I f  we take a ty p ic a l length . 1 and ty p ic a l  tim e jo as u n its  
o f length , and T_ and j j  as the u n its  o f temperature and s t r e s s  r e s p e c t iv e ly  as su ggested  "by 
Sneddon and Berry (1958,P .123)  we may w rite  the equations i n  th e fo llo w in g  form
11
, . - * X
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* : [(/*>* -  2 )A. - W f l ]  5 ^  *  2e
=.  i (  v .  +  u .  ) 
• •
=r f e *  g A
(5 .1 )
( 5 .2 )
( 5 .3 )
(5 .4 )
where








b = f  = l 2c g =
1 V
K t  9
I t  i s  perhaps o f  in te r e s t , to  compare the r e la t iv e  s iz e s  o f a ,  b , f ,  g ,  as g iven  in  the 
fo O in g  jfeb le from Eason and Sneddon ( l  959) f o r  i  = 1 om, f T = 1 s e c . ,  T = 293° K.
Aluminium. , Gopper Iron Lead




2 .0 3 4  x l 0n u
b 0.0639 0.0417 0.0089 0.2320
f 1 .1 6 8 0^.899 5.208 4  .152
g 2 .687 1 .497 8.035 12.25
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§ 6 , In te g r a l transform s.
We have, in  the p rev ious paragraphs, derived  a s e t  o f  j a r t ia l  d i f f e r e n t ia l  equations 
describ ing  the behaviour o f  an e l a s t i c  body. We now w ish to  so lv e  th ese  eq u ation s, su bject  
to  c e r ta in  boundary v a lu e s . One method o f  doing t h i s ,  in  c e r ta in  c a s e s , i s  by the use of 
in te g r a l transform s.
Suppose th a t we have a fu n c tio n  $ |,x ) defined  £y a d if f e r e n t ia l  equation and c e r ta in  
boundary c o n d it io n s . Then i t  i s  o fte n  sim pler to  tr a n s la te  the boundary value problem fo r  
f ( x )  in to  one f o r  th e  fu n c tio n  f  (£ ), where
(6.1)
i s  o b v iou sly  a fu n c tio n  £ and i s  c a l le d  the in te g r a l transform  o f f ( x ) .  K( g ,  x) i s  
known as the k ern e l o f  the transform s in c e  we wish to  f in d  a s o lu t io n  fp r  f ( x )  we w i l l  be 




In  c e r ta in  c a se s  the k ern els  H( 5 , x) and K( £ , x) take sim ple forms and we l i s t  the  
p a r tic u la r  ca ses  in  which we are in te r e s te d .
(a ) F ou rier  S ine Transform;
I f
o
CO ( 6 . 3 )
then
o




(c )  F ou rier  Complex Transform;
I f
as
( 6 . 3 )
then
f ( x )
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(d) Hankel Transforms
f ( 5 )  = J x  f ( x )  CTy(£ x )  dx
f*(x) = J ' g  f ( g )  J v (% x) d£
where J y (z )  i s  the B e sse l fu n c tio n  o f the f i r s t  k ind o f order v ,
(e )  Lanlace Transform; *>
f ( £ )  = J f ( x ) e ~  ^  dx
o
. c-KLOO _  p
f W  = g f e  ( /  f ( 5 )  e a 5C"1<D
where o i s  g r e a te r  than the r e a l  part o f a l l  s in g u la r i t ie s  o f F( 5 ) #
•..‘he id e a  o f th e  in te g r a l transform may be extended to  fu n ctio n s  o f  more than one 
v a r ia b le . I f  we take a fu n ctio n  $ (x ,  y ) in  x and y ,  we may w r ite
V
^  y) = 7  ^ ( x ,  y ) K(^ ? x) dx
-a
and__________________________________ _




where K (£ 9  x) and G-( 7? ,  y ) are two s u ita b le  kernels*  I f  we choose the F ou rier  complex 
transform  we have °° Z30
I P  (€  , n ) = J  dx J dy 4> (x ,  y)©1 ^  x + 77 (6.8)
-QC? -  oO
To se e  p r e c is e ly  what i s  happening, con sid er  the s o lu t io n  o f  the equation
■ $ I -  * H I  ■ i n  < « >
where $   ^  0 as p  9 $ ( p , 0 ) = ^  a p rescr ib ed  fu n c tio n .
M u ltip ly in g  each s id e  by P J q (^P ) and in te g r a tin g  from 0 to  tt , we f in d
— K £ 2 F  = ( 6.1 o)
where ,►#©
¥ =  p j f e p )  K b t f p  ( 6 .11 )
Then ?  = A e  ^ and a t  t  = 0  ^ ~¥ = A = 4>qP J  0( ^  ^  •
Using the in v e r se  transform ation  to  equation (6 .11 )  we get the r e s u lt
-«o ,«o
<#>( p>t )  = y  , ( 5 u ) J o (Sp ) e “ ^ g2t dg  (6.12)
The. u ses  o f  in te g r a l  transform s are exp la ined  and e x p lo ite d  f u l ly  hy Sneddon ( l  957) 
and Tranter ( l 951)*
§ 7 .  S o lu tio n s  o f the equations o f equ ilibrium .
A ll  o f the problems con sid ered  in  th is  w ork .aren stead y-sta te  ones, and in  order to
so lv e  them, we have used in  both P art I  and P art I I ,  p o te n t ia l  so lu tio n s  to g eth er  w ith  the
theory o f in te g r a l  transform s which we have a lready d iscu sse d . In  g en era l, there are a
number o f methods a v a ila b le  fo r  a ttack in g  s te a d y -s ta te  problems and, in  th is  paragraph, we
note a number o f  them. We b eg in  by w r itin g  the equations o f  equ ilibrium  in  v ec to r  form.
Equations in  v e c to r  forme
I t  fo llo w s  from equation  (3*5 ) 3 w ith  the q u a n tit ie s  e . . ( i ,  j = 1 ,  2 , 3) expressed  inJ
terns, o f the d isp lacem ent v ec to r  u as in. equation  ( 3 »7 ) th a t the equations o f  equilibrium , 
o f  an e l a s t i c  body may be w r itte n  in  the form
r i j  ■'j  + Fi  = 0  d = 2 , 3) (.7.1)
where in  th e  p u re ly  e la s t i c ,  ca se
T . . Z Z  V 5 . . A  + ^ (u .  . + u .  . )  ( 7 . 2 )id id  1 * d dr  1
a n d in  the th e r m o -e la stic  case
r = (iXA -  ) + n ( u .  + u  . )  ( 7 . 3 )-j-j -lj j j ,  j.
and A = u.1 ,  x
We r e c a l l ,  from equation  ( 3 .8 )  th a t on the boundary
r . .  v . -  7 ( 7 . 4 )x j  d x w
where the v . are d ir e c t io n  c o s in e s ,  
d
I f  we w r ite
P. = F . -  y 0 , iX X  x
(9)
B± = T± + yS>)- _ ( 7 - 5 )
then f .t  e a s i l y  fo llow s, th a t the s te a d y -s ta te  th erm oelastic  problem i s  eq u iv a len t to  the 
e la s t o s t a t ic  problem w ith  the body fo rce s  P± and the boundary fo r c e s  B^. Thus we can study  
both th erm o e la stic  and e l a s t i c  problems sim ultaneously .
I f  now we s u b s t itu te  from equation  (7«2) in to  equation  ( 7«"t) and re -arrange the terms 
we see  th a t we h a v e ,
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which, may b e  w ritten; v e a to r ia l ly  as
( X + /J )gra<& A + ,uV2 u  *  P -  o ( j . l )
We can a ls o  exp ress equation  ( 7 .? )  in - t h e  a lte r n a t iv e  form
( X + Z /j )  grad d iv  u j— ^.curl cu r l u + P = 0 (7 -8)
lw • /v> ~
K elv in ’s Solution-.
In  t h i s  f  orm o f  s o lu t io n  3 th e  displacement- vector- jul i s  exp ressed  in  terms o f  
a sc a la r  p o t e n t ia l  and  a v ec to r  p o te n t ia l  f  in  th e  manner-
u = grad$> + c u r l f  ( 7 -9 )
/iw rv
We. suppose fu r th er  th a t  th e  body fo r c e  P may be exp ressed  in . th e  form
P =r grad § + c u r l F (.7 -10 .)
tr\* ffu
I f ' we now s u b s t itu te  from equations (7o9) and (7• i 0) in to  equation  ( 7 *8 ) ,  we f in d  th a t
grad ( X + PjLi ) Vz <f> -if t t Hf curif/iV |> + p "1 — 0 (7«11)
from which i t  fo llo w s  th a t we. can ob ta in  a s e t  o f p a r tic u la r  so lu tio n s , o f the equ ilibrium  
equations from p a r t ic u la r  s o lu t io n s  o f the equations in  <fi 7 $ 3 f  , F ,
/V  <"V
( X +  2 / i  ) = 0  (7 -12;)
+ F
I f  we now w r ite
/• w  - - - s f c  f
AA A*
x g m d j T ^  ^
(7 .1 3 )
/ v  rv
so th a t eq u ation  ( 7 . 1O) i s  s a t i s f i e d  ,  i t  i s  known from: p o t e n t ia l  theory th a t  once S and 
p are determ ined by means o f equations (7  ® 1 3 ) ? we may f in d  $ and f  to  be
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* (i } = ~ 4 t t K  +” 2#i) I  T7 i - )X  (7 .14)
f ( r )  = _ J   /  g ( r ' )  g ;
4 77 iu / | r  -  r 1 )
Beussinesq -  Pa-pkovitch P o t e n t ia l s . 
If. in  equation  ( 7 .8 )  5 we w rite
u = A grad (<£ + r .^) + B i/s (7 .15 )
where n- i s  the p o s it io n  v ec to r  o f a f i e l d  p o in t and A and B are c o n s ta n ts , we. f in d  
th at the equation  Becomes
(X + 2/i) A grad ( V20  + r,V2j4 ) +. [( X + 2/ i ) (  B + 2A) -  |U bJgrad d lv  £  ( 7 -1 6 )
+ Bp.V2(/r + -Jjk]? _ 0
The s c a la r  q u an tity  <p and the v ec to r  q u antity  tfj are known as the B oussinesq  -  
Papkovitch p o t e n t ia l s . ~
It may be shown th a t i f  the con stan ts  A and B are chosen such th a t
A =  1 , B =-.? ( K + 2 * 0 . (7 .17 )
( 7. + n )
w h ile  th e  p o te n t ia ls  $ 9 tfs s a t i s f y  the equations
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U  + ^  ( 7 . 18 )
2 / -  P = 0
( X + A*) rw <v
th a t the d isplacem ent u may be w r itten  as
u — grad ( </> + r.^r ) — ^ ^  ^  (7 .19)
(X. + /i) ~rv rw
I f  now the equations g iven  in  ( 7 . 1 8 ) can be so lv e d  fo r  cf> and , we may s o lv e  
the e l a s t i c  problem „ S evera l sim ple cases o f t h is  s o lu t io n  a r e  d iscu ssed , by Sneddon and 
Berry ( 1958) .
I t  fo llo w s  from equation  ( 7 . 18) th a t in  th^ abscence o f body f o r c e s ,  the e l a s t i c  
problem reduces to  the so lu t io n  o f L ap lace's  equation,, s in c e  ^
V20  = V2f  = 0
Sneddon* s S o lu tio n .
I t  has been shown by Sneddon ( 1961 ) th a t a. so lu t io n  o f the equations o f  
thermoelastic:; eq u ilib riu m  may be obtained  in  terms o f three p o te n t ia l fu n ctio n s  7 ip 
and X t  ^y w r it in g  the temperature Q , the d isplacem ents ( u av ,  w) and the s t r e s s e s  
in  terms o f  th ese  fu n ctio n s  as fo llo w s , where we have taken rectangu lar co -ord in a tes  
( x , y ,  z)
u
w
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( 7 . 20 )
where
A =
2 M  ,
Id 3z ' 
2 —a z ‘
( 7 . 21 )
( 7 . 22)
The components o f  s t r e s s  are then g iven  by
and.
a
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ay
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- 9 f * -
ax ay
S evera l a p p lic a t io n s  o f th ese  so lu tio n s  are d iscu ssed  by the author mentioned above 0
1.9
SB L ite r a tu r e *
In  th is  paragraph, we s h a l l  g iv e  an. in d ic a t io n  o f the work "being- c a r r ie d  out in  the 
f i e l d  o f th e r m o e la s t ic ity „ We s h a l l  lea v e  t i l l  la t e r  the background, l i t e r a tu r e  fo r  the  
crack problems,,
I n te r e s t  in  th erm o ela stic  steady -  s ta te  problems dates back many- years* An 
exp lan ation  o f  what- i s  meant, by a. th erm oelastic  problem and a  method o f ta ck lin g  them 
i s  d escrib ed  by Love (194k )* Goodier (195?) has developed a method o f a tta c k in g  these  
problems by reducing the: therm oe.lastic problem, to  an e l a s t i c  one a t  constant temperature*
In h is  book L u rie  (1955) d erives  a method of so lu t io n  o f therm oe.lastic problems in . terms 
of p o te n t ia l fu n c tio n s  and t h is  I s  the method developed here* The problems o f the in f in i t e  
.and s e m i- in f in i t e  mediums togeth er with, the problems o f the th ick  p la t e  have a ttr a c te d  
atten tion *  S tem o erg  and McDowell ( i  955) so lved  the problem of the s e m i- in f in it e  medium 
w ith  the su r fa ce  f r e e  from s t r e s s  and. w ith  a known temperature d is tr ib u t io n  on  the  
su rface * The. .method, used  was a  com bination o f  the Boussinesq-Papkom idh p o te n t ia l so lu t io n  
and Green8 s fu n ction *  U sing the same method McDowell (1957) obtained  the corresponding; 
s o lu t io n  fo r  the th ic k  p la te*  The so lu tio n s  obtained. are  in  the form, o f e l l i p t i c  in teg ra ls*  
The. two problem s o f the sem .i~irifi.nite s o l id  and th ick  plate-- w ith  s tr e s s  fr e e  
boundaries and. imposed temperature d is tr ib u tio n s  on the su r fa ces  were so lv e d  by Muki ( l 9^0) 
in  th e  ca se  in  w hich a x ia l  symmetry i s  not. present* The. temperature d is tr ib u t io n  i s  taken, 
in  th e  form.
co
6 ( P y Z ) = ^ 6 P ) C0S m<£
Knops (1959) was ab le  to  determ ine the s o lu t io n  o f  some p a r t ic u la r  problems by tak ing the 
d iffere n c e  between two isoth erm al e la s t ic ,  so lu tio n s*  Using a d irect, in te g r a t io n  o f  the. 
governing eq u ation s , Sharma ( i 956 ) obtained  a so lu t io n  fo r  th e  p la te  problem* Nowacki 
(1937 and 1 9 5 7 *2 ) ^er^Ye<^  so lu tio n s  o f the in f in i t e  and s e m i- in f in it e  m a te r ia ls ,
su b je c t  to  a known temperature f i e l d ,  by u sin g  a th erm o ela stic  displacement; p o ten tia l*  
A ssum ing-axial symmetry, Sneddon and L o ck ett(l 96O, ) ,  used  -two dim ensional in te g r a l  
transform methods to  f in d  the so lu t io n s  o f the s e m i- in f in i t e  s o l id  and thick, p lat©  problems* 
The so lu t io n s  d erived  by them are g iven  in  th e  form o f in v er se  transforms* S p ec ia l oases  
a re  considered, and fo r  th ese  p a r tic u la r  s o lu t io n s ,  num erical c a lc u la t io n s  are ca rr ied  out 
andthe l i n e s  a lon g  which the d iffe r e n c e  in  p r in c ip a l s tr e s s e s  i s  c o n sta n t, a re  p lo tted ,.
These l in e s  correspond to  the isochrom atic l in e s  used in  p h o t o e la s t ic i t y „ The same 
authors ( l960y ) d iscu sse d  the case o f  the th ick  e l a s t i c  p la te  ly in g  on a .r ig id  fou n dation .
O lesiak  and Sneddon ( i960)  have found a so lu t io n  o f the problem of determ ining -the thermal 
s tr e s s  in  an i n f i n i t e  e l a s t i c  s o l id  con ta in in g  a penny shaped crack*
The * c la s s ic a l*  equations of time dependent th e r m o e la st ic ity  and the ’f u l l y  l in k e d ’ 
equations do not concern us in  th is  work* However, there are se v e r a l text-books which
20
deal W i t t !  the su b jec t  to  a much f u l l e r  ex ten t. E arly  work i s  summarised by Melan and 
Parkus (1953) ,  w h ile  more recen t developments are d escrib ed  f u l l y  by Nowacki ( 1960 ) .  
Gatewood (1957) d ea ls  w ith  te c h n ic a l a p p lica tio n s  in  the in tro d u ctio n  o f h is  book. ' The 
equations o f  th e r m o e la s t ic ity  are a ls o  described  f u l ly  by B oley and Weiner ( i 9 6 0 ) .
II* PROBLEMS IN THERMOELASTIG ITY
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§ 9  The th erm o -e la stic  eq u ation s o f eq u ilib riu m .
We co n sid er  the equations o f e l a s t i c i t y  derived  in  p art I  in  the case where there i s  
no time dependence, "body fo r c e s ,  or h eat so u rces . Thus fo r  stead y  s t a t e  th erm o -e la stic  
problem s, the equations o f  equ ilibrium  re fe rred  to  rectangu lar co -ord in a te  axes (x ,  y ,  z )  
in  d im ension less form are
da  3 t d r
—  *' _ 2 M  ■ x3 __ o
ox 3 y  d z
d r  da d r
- M  + ^ i  + - ^ U  = o ( 9 . 0OX, 0 y  3 z /
3 t  d r  da
3a 3U 3 n
3 x  + " a y  + T T  = u
where th e  s t r e s s e s  are r e la te d  to  the displacem ent v ec to r  (u , v ,  w) or (u , ) by the
equations
( V  V  °3 5 -  \ _ ^ Z “ 2^A ~ 13 + 2  ( a x  * 3 y  * 3 l )
_ 9w 3v _3w _ _3w _3u
ay ~ ay  + 9x 5 Ty3~ 3z + 3y s 7  3x + 3z
(9 .2 )
(9 .3 )
In th ese  eq u ation s fi i s  the u n it  o f  s t r e s s  and we have w r itte n  T(i + 9) to  denote the  
tem p eratu re v a r ia t io n  where 6  s a t i s f i e s  the equation.
d 20 d 2e dzdU V U V U V _ /  _ . \
\ y 2 0 = —  + — ”  + -------- = 0 (9o4)a 2 O 2 O 2ox o y  o z
and T i s  a co n sta n t.
In. terms o f  th e  Lame con stan ts X, p and the c o e f f i c ie n t  o f l in e a r  expansion &,, we can 
express /3 2 and b as
b = 1 1 2 ^ 2 ^ 2 1  (9 .5 )
In  equation  ( 9 ® 2) we have w r itten  A fo r
i - l ? * # * #  ( ’ • «
In  a l l  the above equations we have con sid ered  rectan gu lar co -o rd in a tes  ( x ,  y 9 z )  „
I f  we w r ite  x  = p; cos <£, y  = :p> s in  $  , z = z ,  then in  terms o f  the c y l in d r ic a l  p o la r  co­
ord inates (p  f <p t z ) bhe equations become
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3crp 1 dW
ap + P 00
3tp*
ap + p d p  +
9 T nP Z 9 Z
dp + p  dp
+ dTpz  ° p " 
d z  + p
dTA* i l f i t
0 2
8a r  z  p z




( 9 . 7 )
and the r e la t io n s  ( 9 . 2 ) and ( 9 . 3 ) become
(°rfl»cr(i > 0  = ( ^ 2 -  2 )d  -  bfl + 2 '  Up9 P p + p d p  9 3z J
T l i s
$ z  d z  + p  d p  9 Tz &
where the tem perature 0 w i l l  s a t i s f y
020 1 60  ^ 020 020
0U 0 u z  p 0 U ,  1 0u u ,. — „  T _ _J£ + -  — L  _
9p 0 z * p. 0  0 p p 00  p
(9 .8 )
( 9 . 9 )
= 0
9p: p 3 p p2 00  2 0 z :
and the d i la t a t io n  A i s  g iven  by 0U3up u . 1
■)—  fl '■ufc I « *  ■ 0
9p p p 00  0 z
z
( 9 .1 0
(9.11
I f  we w ish symmetry about the z~ax is then we must have u , = 0 and d if f e r e n t ia t io n  w ith
a r
r e sp e c t  to  0  w i l l  be a n u ll  operator v iz ,
§ 1 0  The b a s ic  s o lu t io n .
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We s h a l l  now form ulate a s o lu t io n  o f the equations o f  3 9 which i s  a m o d ifica tion  o f one 
f i r s t  used  by Lurve ( l95b )  P°191 “199o This so lu t io n  w i l l  be the b a s ic  s o lu t io n  and w i l l  be 
used  in  vary ing  forms in  the fo llo w in g  s e c t io n s 0
In  terms o f  a p o te n t ia l fu n c tio n  0 (x 5 y s z) we take a s o lu t io n  fo r  rectan gu lar  axes 
(x , .  y *  z) in  the form
g t  w = -  + X 0 0  (10,1)U = 3 x  J V = 0  y  >
where (u s v s w) are the d isplacem ents o f  the medium in. the ( x 5 y 9 z ) d ir e c t io n s  resp ec tiv e ly ,,  
We choose a ls o
b 0 = “2( /32 -  1 ) + J32x ' ( z )  (i 0o2)
where 0 ( x s y a z )  i s  a harmonic fu n c tio n  so  th a t
9 x 0y
(1 0 . 3 )
0  Z
2/5
and x ( z )  i s  a quadratic fu n c tio n  o f z ,  such th a t
x ( z )  = f z  2 + gz + h
where f , g , h are constants*
Then i t  i s  e a s i l y  shown, th a t
a = r = r  = 0  
3 *3 y 3
everywhere, and th a t  the s t r e s s - s t r a in  r e la t io n s  "become
(10 .4
(10 .5
<7 =  —2
| o y 2
Or = -2  
y 3x 2
Z 5 ( z)
* (z) ( l 0o6
r -  2 
xy 6x8y
I t  then fo llo w s  e a s i l y  th a t the equations o f eq u ilib riu m  ( 9 d )  are sa t is f ie d * .
I t  th ere fo re  fo llo w s  th a t the s o lu t io n  g iv en  by equations ( 1 O.1 ) to  ( l O A )  and ( l 0 o6) Is 
appropriate to  any problem in  which the c o n d it io n s  ( l 0*5) are s a t i s f i e d  a t  a boundary* I t  
a ls o  a llow s the s o lu t io n  o f such problem^ where we have a g iv en  su rfa ce  'tem perature d is t r ib ­
u tio n  or g iv en  h ea t f lo w  d is tr ib u tio n ,,
In  terms o f c y l in d r ic a l  p o lar  co -o rd in a tes  (p , <f> s z ) w ith  the corresponding displacem eni 
( u „ ® u , s u ) we may take the s o lu t io n  in  the form
P  0  Z
30
dp 9 >  = p d f
1 30 
-  r  5 a i f + * (z) ( 1 0 . 7 )
where X i s  g iv en  by equation  ( 1O.4 ) and the appropriate form o f equation  (10„3) to  determine 
0  becomes
^  i 30 1 3Z0 a2 0
3pz p dp p ‘ 3 z ‘
The tem perature f lu x u a tio n  i s  again  g iven  by ( l  0*2) and we now have
- J , — 0pz  “ <pz -
( 10 . 8 )
( 1 0 . 9 )
a t  every p o in t .  The s t r e s s - s  tr a in  r e la t io n s  now assume the forms
* l20 02  ^ '
.2 o JZ
13 3 0  I , / s
a = 2 I — — + • j -  2 X (z )
p \ 3p* d z s
V  = “2 0 "  Z x ' ( z )
3 j
(10.10)
p4> -  2 dp
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so  th a t the s o lu t io n  g iv en  now by equations ( 1 O.7 ) ,  ( 1O.8 ) and (10 ,10)  i s  s u ita b le  fo r  
so lv in g  problems in  which ( l0„9)  are s a t i s f i e d  a t  a boundary.
In  the ca se  o f  a x ia l  symmetry, we have 7 - 0  everywhere and
r
%  -  ^  = 2 p i { p l f )
S '11 Elem entary s o lu t io n s  *
In  the l a s t  paragraph i t  was shown th a t i f  we ch ose a harmonic fu n c tio n  ifs togeth er  
w ith  a p a r t ic u la r  type o f  s o lu t io n  o f the th erm o -e la stic  equations we cou ld  s o lv e  a c la s s  of 
problems w ith  s t r e s s  f r e e  boundariesc Suppose now th a t ijs i s  a sim ple harmonic function*  
Then in  th is  s e c t io n ,  we show th a t from th is  sim ple harmonic fu n ctio n  we can con stru ct by 
summation or in te g r a t io n , so lu t io n s  o f problems o f p h y s ic a l in t e r e s t .
C onsider the harmonic fu n ctio n
f i > z > = lo g  [ r  I  [ l l  a ]}
where r 2 = p2 + (z  + « ) 2.
By a sim ple summation procedure we have the fo llo w in g  s o lu t io n
b V-' r r  -  (z  + a
)  Q lo g  -B—
1 ) n U  + ( z  + a
p ,  z ) = — ---------------- > 9 n   M  (11 .2 )
where now 6  , a are con stan ts  and r 2 = p2 + (z  + a )2 0n n. n n
Choose X ( z )  =  0 ,  .arid i t  fo llo w s  e a s i l y  that
0 ( p , O ) -  = ^ n V ( ' P 2 + a^ )3/2 ( l 1 o i )
n
I f  we take the s o lu t io n  g iven  above and s u b s t itu te  in. ( l  0,11  ) we f in d
a -  ts, =   — —■ 6 (z  + a ) f  j (11 „if)
P *  (/32 - 1 )  £  ^ " n  J
As a p a r t ic u la r  c a se  o f the fu n ctio n  g iven  by (.11 *2 ) we s h a l l  con sid er  the s o lu t io n
given  by ^ ^  r  -  (z  + a ) r _ -  (z  + a )
0  ( p ,  z )  -  - Q lo g  ~  ...... 1 1 + g 2lo g  Irg . 1 a. j j (11 ,5 )
0 * -  l )  I  r  + (z  + a ^  i *2 + (z  + ag )
where (z )  *s 0 and r  2 = p 2 + (z  + a^)2.
2.5
Now i f  we choose va lu es o f  the constants as fo llo w s




( k 2 -  4 ) 2b e 
32 k(/3
lo g  ~
+ (k + 1 + z) 2 -  (k + 1 + z)
-log
p + (k + 1 + z ) 2 + (k + i + z)
V p '2 + (k -  1 -  z ) 2' -  (k -  1 -  z)
+ (k -  1 -  z ) 2 + (k -  i -  z )
( 1W )
jk  > 2
I t  fo llo w s  th a t ,  w ith  the con stan ts g iven  by equation ( l 1 . 6 ) ,  equation  ( l 1 07 )  becomes 
( k 2 -  4 ) 2 Q n k -  1 -  z k + 1 + z
e (  p ,  z )  =
8 k P2 + (k  -  1 -  z )J + 1 + z
From eq u ation  ( / . 8 ) we see  that
d i p  , 1) =
where we have taken th e  fu n ctio n  f ( p )  to be
f ( p )
( k 2 -  4 ) 20.
, d i p  , - l )  = 0
(k -  2 ) (k + 2 )
>3 3 / 2
(1 1 . 8 )
(11.9)
(11 .1 o)
8 k I Jp2 + (k -  2 ) 2~j 2 |^p2 + (k + 2 ) 2 j^ 3/
The s o lu t io n  g iv en  by equation  ( 1 1 „7 ) thus so lv e s  the problem o f  a th ick  p l a t e -1  ^ z  ^ 1 
whose p lane  ^  s t r e s s  f r e e  su rfa ces  are deformed by means o f the temperature d is tr ib u t io n s  
given by eq u ation  ( 1 1 . 9 ) .
The s itu a t io n  i s  a s shown in  F±g0( n . i )
6> = f ( p )
z = 1
Z = -1
F i g * i i
The s o lu t io n  g iv en  here was obtained by other methods by Sneddon and L ockett ( i 9 6 0 ,
P-145-153)*
The q u a n t it ie s  o f  p h y s ic a l in te r e s t  in. th is  problem are g iv en  as fo llo w s
\, -t> (kz -  4 ) 2 6 
V “ a . )  =
P *  8k( / 52 ~ - | )
1 2
(z  + k + 1 ) { —  + — -
r 3 p zr i
f  1 2+ (z -  k + 1 K  —  + - —-
I r 3 p 2r  
v - 2 ;
( 1 1  . 11* )
where r = P 2 + (z  + k + l ) 2, r 2 = P 2 + (z ~ k + l ) ‘
I X r-
P
fc(k * -  4 ) 2 e c
l 6 pk( /? 2 — 1 ) r r
(11.12‘)
U as Z
l 6 k ( / 3 2 -  1 ) r  t
2  “  1
(1 1 o133)
Values o f  and on the fa c e s  s  ~ + 1
l 6 k ( g  2 -  1)
o u. o
h(k -  4 ) 26G
z \ P 0 .2 *4 .6 .8 1 2 5
k as 2„5
0 .351 .535 •585 .568 •529 .340 .10  6 I+ 1
k .== 5
0 <,00.9 •  018 .029 • 032 • 040 o064
I-------- --  i
e060+ 1
1 6 k ( jS 2 -  1 )u: ........... 2j
‘b (k 2 -  4 ) 2 e
A p 0 • 2 o4 .6 .8 1 2 5
z = + 1
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Graph o f on fa c e s  o f p la te  fo r  k = 2 ,5 9 5
'i&L.'
60 2 431
Graph o f u on fa c e s  o f p la te  fo r  k = 2 C3 5 5*
Z
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1 .0  ' 0*8 | 0 .6 0 .4
—---------- -9
0*2 0 .0 -  0 . 2. ■-  0 . 4  '-  0 .6 -0 . 8 ” 1 *0
0 .0 0*0 0*0 0*0 0*0 C Q j O 0 .0 0 .0 0 .0 0 .0 0*0 00  *0
0 .2 0.3913 0*2.979 0 .2287 0 .1 7 6 0 0.1355 0 .1033 0.0767 0 .0 5 4 4 0.0348 0 .0 1 7 0 0 .0
0 .4 1.5312 1 *1680 0*8983 0*6934 0*5340 0*4070 0*3082 0*2148 0o 1.376 0 . 0672. 0 .0
0*6 3 .319£ 2 .5 4 2 4 1 *9617 1*5183 1 *1718 0.8945 0 .6 6 6 5 0.4732 0*3034 0 .1 4 8 2 0*0
0„8 5 - 6099 4 .3 1 9 3 3 -3474 2 .5999 2 *0124 1 0-5398 1 o1494 O.81 7 0 0 .5 2 4 4 0*2563 0 .0
1 .0 43.2280 6*3762 4 .9 6 7 7 3.8751 3 .0101 2 .3 0 9 7 1*7279 1 .2 3 0 4 0.7906 0*3867 0 .0
1 .2 10*9972 8 .5 8 4 7 6*7288 5 .2 7 5 2 4.114.3 3*1673 2 .3756 1 .6949 1 *0905 0.53-38 0*0
1 o4 13-7559 1 0 *82.36 8*5398 6 .7316 5 .2 7 3 8 4 .0746 3 c 0649 2 .1914 1 .4 1 2 0 0 .6918 0 .0
1 *6 16*3711 12*9884 10*3192. 8*1815 6*4405 4*9953 3 .7 6 9 0 2.7011 1*7433 0*8549 0 .0
1 .B 18*7438 1 4 .9966 1 2 .0 0 0 0 9.5711 7.572.0 5*8968 4*4634 3*2067 2*0732 —I* 0 O "■"J 0 . 0,
2*0 2.0*8096 16*7898 1 3 .5313 10.8581 8*6336 6*7515 5 .1273 3 *692.8 2 .3 9 1 7 1 *1753 0 .0
2*4 23 * 9115 1 9 .6067 16 * 0234 13«0118 10*4503 8 . 2,400 6 .2993 4*5600 2 .9639 1*4596 0*0
2*8 2 5 .6 7 2 4 21*3631 17 .6855 14 .5225 11 .7748 9*3579 7.-1997 5*2374 3 .4 1 6 0 1 .6857 0 .0
3-2 26*2990 22*1703. 18*5660 15 .3995 12*5940 10*0817 7 08023 5*7016 3*7308 108446 0*0
3.6 26*0655 22*2200 18*7945 15 .7270 12 .9603 10 .4420 8,12.37 5*9608 3*9118 1*9374 0 .0
4*0 2 5 .2 3 3 4 21*7154 18*5250 1 5 .6 i 93 12*9568 10*4978 8 .2047 6 .0419 3*9752: 1 .9 7 1 8 0 .0
V alues o f  1 Ok t - L . =;constant.,  f o r  the  th ic k  p l a t e  —j 4 <
i n  th e ea se  k = 5*0
4 4 1*0 0 .8 0 .6 0*4 0 .2 0 .0 0 .2 - 0 * 4 - 0 .6 ■ 0 .8  - ■ 1 ,0
0*0 0 .0 0 .0 0 .0 0 .0 0*0 0 .0 0 .0 0*0 0 .0 0 .0 0*0
0 .2 9 .4 7 8 2 2.7722, 1 .0653 0.4-880 0*2.517 0.1406 0 .0825 0*0490 0 . 02.78 0 *012.6 o . c
0*4 2.1 .1 1 8 0 7 .8 6 8 5 3 .4 1 3 7 106730 0*8985 0.5152- 0*3074 0 .1848 0*1056 0 *0482. 0*0
0*6 2 4 .0 1 79 1 1 . 22,50 5 .5 9 3 5 2 .9886 1 o6972 1 *0099 0 .6 1 8 0 0*3778 0 *2182. 0*1 001 0*0
0*8 2 2 .0760 12.22.84 6 .8925 4 .0 1 4 8 2 . 42.18 1 .5035 0 .9477 0*5915 0.3461 0*1601 0 .0
1 .0 18 .8860 11 .8 0 0 5 7.3^23 4 . 6168 2.9499 1*9111 1 *2427 0 .7929 0.4709 0*2196 0*0
1*2 1 5 ,8145 10.7631 7*2.2.82 4 .8443 3*2575 2 .1 9 6 0 1 .4715 0 .9597 0*5785 0.272,2' 0 .0
1 .4 13 ®2118 9 .5 6 5 5 6 . 8108 4*8067 3 .3 7 6 0 2*3577 1 .6242 1 . 0814 0 .6612 0*3137 0 .0
1 .6 11 .0929 8*4081 6 *2.62.2 4*6063 3 .3548 2,.4152 1*7050 1 .1 5 6 6 0 .7 1 65 0*342.6 0 .0
1*8 9*3848 7 .3 6 4 8 5.6801 4*3188 3*2.406 2*3938 1*7260 1 *1902 0 .7460 0*3592 0 .0
2*0 8 *0052. 6 .4528 5*1151 3*9936 3 .0706 2 .3 1 7 4 1*7013 1 o1 899 0 .7535 0.3651 0 .0
2*4 5 . 9622. 4.9911 4*1141 3 .3382 2 * 6612 2.0747 1 ,5 6 5 8 1 01198 0 .7 2 0 6 0 . 352.6 0 .0
2*8 4 .5 6 2 5 3*9137 3*3090 2*7536 2*2488 1 .7922 1 *3787 1*0014 0*6518 0 *32.12. 0*0
3 .2 3 .5699 3*1123 2 .6 7 6 3 2.2.651 1.8801 1*5209 1 .1853 0*8701 0*5709 0 . 2,826 0*0
3 .6 2*8444 2 .5 0 7 5 2*1810 1*8671 1 *5669 1*2804 0 0 0 00 0*7444 0.4911 0.2439 0 .0
4*0 2.3011 |2 .0 4 4 0 1 .7919 1.5461 1.3072 1*0756 0.8509 0*6323 0 .4186 0*2.084 0 .0
V alues o f  1 00 Qft -  c o n s t a n t a f o r  the t h ic k  p l a t e  - j


























Suppose now th a t we return  to  the sim ple harmonic fu n ctio n  which we con sid ered  in  
equations ("11.1). Now, in s te a d  o f  a summation procedure we apply an in te g r a t io n  one.
I f  we in te g r a te  over the parameter a , we ob ta in  a p o te n t ia l  fu n c tio n  o f  the form
<!>( P , z )  = ----- — -----  / ' f(a)
4 ( ^ - 0  J
l o g r(«) -  (z  + a ) 
r(a) + (z  + a )
d a ( 1 1 . 1 1
where r (a )  = O ’ * < ■ • * > ■ ]  1^2 and the fu n ctio n  $ i s  a r b itr a r y . I t  fo llo w s  th a t ,  f o r  
th is  p o te n t ia l  fu n c t io n , the temperature d is tr ib u t io n  w i l l  be g iven  by
6 ( P , z) = jv ( a) z + a
‘(a)
da
The d if fe r e n c e  in  s t r e s s e s  (th e  q u an tity  o f p h y s ic a l in t e r e s t )  i s  g iv en  by
(or - o  ) = --- —
P <t> (£ 2
  / 3(a) (z  + a )
-  1 ) J ( r (  a)) 3 r (  a)
The components o-f the d isp lacem ents are g iven  by
d a
> ( 11 , 12.:
(11.1-3!
2(/32 -  1)P
[z + a , 
r
ty (a )  ^  ■'~T~ "T/ d a ( i i - . i 4 :
2(/5J
~ —’““ f  ^  ( ce) “  d a  
2 1) ■ J r
We now con sid er  a p a r t ic u la r  c a se . I f  we take ¥ ( a) to  be g iv en  by
(11.15)
* ( a )  =
0
i ( k *  -  1 ) 0
then i t  fo llo w s  from, eq u ation  ( 1 1 . 1 2 ) th a t
e ( p ,  z )  s  -J-(kz -  1 ) 0
< -  (k  + 1 )
- (k  + 1 ) < a < k -  1
> (k -  1 )
(11 ol6)
2 + (k + 1 -  z)^J 1 /2  jp 2+ ( k - l + z ) J 3/2
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For th is  s o lu t io n  i t  i s  e a s i l y  seen  th a t
e ( p  ,  1 ) = o  
e (  p ,  o) = g(p)
where
g(p)  = i ( k 2 -  1 )0
[ p 2 + ( k - i ) 2] , / 2  [ p 2 + (k + 1 ) 2], 2 1  1 / 2
( 1 1 - 1 8 )
I f  we now s u b s t itu te  the va lu e o f  $ (« )  g iven  by equation  ( l 1 «,l6 ) in to  equation  (11„13)  
we f in d  th a t  the d if fe r e n c e  in  p r in c ip a l s t r e s s e s  in  a p la te  0  < z < i whose su r fa ces  are fr e e  
from applied , s t r e s s  and whose s u r fa c e  tem peratures are d efin ed  by the equations d ( p  s 1 ) ~ 0 3 
H P  ,  0 )  = g ( p ) ,  where we have d efin ed  g (p ) in  equation  (1 i . 18 ) 0i s  g iven  by the equation
b ( k 2 -  1 ) $
-  ff, = —    y  ’ ( p -  P )
2(/52 - 1 ) 2 •»' p p 
1 2
where p2 = p2 + (k  -  1 + z ) 2 and p2 = p ± + (k 4 1 -  z)< 
f  . # 2
S im ila r ly  the d isp lacem ents are g iven  by
b(k  2 -  1 ) e
Up =
U =r Z.
2 ( ^ 2 - l ) / >
b (k 2 -  l ) $ # 
K {p z -  1 )
# / p 2 + (z  + k -  l ) 2' -  * / p z + (z  -  k -  1 )
lag
( z  + k -  1 + P.
( z - k # i )  +p
2„






We now take a second p a r t ic u la r  case  o f ¥ ( a ) ,  v iz ,
* ( a )  = T2-  e "h ( a  “ 6)l^TTK
where 6 > 0 and we choose the l im it s  o f  in te g r a t io n  to  be ( 8  , <*>) 
Then* in  t h i s  c a s e ,  we have the p o te n t ia l fu n c tio n
p ,  z )
I- /  .
- (  tt “  8 );h -
e y l o g
1 k(/3 2 -  1 )
which im m ediately le a d s - to  the tem perature d is tr ib u t io n
r (  a) -  (z  + «
r (  a) + (z  + cej
dot
h6
,s  + a ) e "”^ia  d a
4 itk J6  [ ( z + « ) 2 +
The va lu e  o f  the temperature on the su rfa ce  z =r 0 ,  i s  g iv en  by
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( l1 .22)
( 1 1 . 23 )
( 11 . 24 )
n h 8 r
Q ( P 9 0) -  ^  /), -ir is J <
a e “h a
( a 2 + P 2 ) 3 /2
d a ( 1 1 -25)
Now*' i t  has been  shown by Thomas ( 1957 s p®482~493) th a t the tem perature f i e l d  g iv e n  by 
(11*25 ) i s  ju s t  the su r fa ce  tem perature d is tr ib u t io n  produced, by a h ea t source o f  s tren g th  Q 
placed-at th e  p o in t  ( 0 ,  0 ,  -  6 ) above the s e m i- in f in it e  s o l i d  z 0 w ith  the boundary 
co n d itio n .
h e 9 6
3 z if w/c( 6 2 + p 2 ) ?/2 
The s i tu a t io n  i s  a s  shown in  F ig  *11 . 3 ®
on z = 0, ( 11.26
F ig .,11..3 .
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&12 A p p lica tio n  o f F o u r ier  tech n iq u es>
In  th is  s e c t io n  we s h a l l  make use o f  the techn iques o f F ou rier  a n a ly s is  to  derive  
so lu tio n s o f  c e r ta in  problems fo r  the s e m i- in f in it e  s o l id  and th ick  p la t e s <, As u su a l we 
sh a ll denote the F o u r ier  transform  o f a fu n ctio n  f ( x ,  y ) by "f( £  , 77 ) * We co n s id er , in  
th is  paragraph on ly  rec ta n g u la r  co -o rd in a tes  and w r ite
so th at
2 3 1 , f ( £ ,  n )  =  f  f  f ( x ,  y ) e *  + 77 ^  d x  dy ( l 2 . l )
J —oo J 9oo
f ( x ,  y )  = -J j- [ "  /■•?( + *  ( 12 .2 )
c/ «»0O </ «00
I f  we c o n su lt  the equations o f paragraph 10 we se e  that, the p o te n t ia l  fu n c tio n  
ifr(x9 y ,  z )  must s a t i s f y  the equation
v « ,  + = o
3 x 2 By2 3 z 2
so  th at an elem entary form o f would be
/ \ - i ( g x  + 7? y) -  £ z  C12.-3)
y? z )  = e e
where we must take £ 2 = £ 2 + 77 2 «
I f  we apply an in te g r a t io n  procedure to  the sim ple so lu t io n  ( 1 2*3) we have the fu n c tio n
X, y ,. z )  = . ■ ~1) —  r r  ^ x  + ” y ) # " ^ d 5 d 7 j  ( 1 2 . 4 )
2j. 7T «,  ^) J =00 J aOQ £
which g iv e s  im m ediately from § 1 0  th a t a = r  = T = 0 *  In  equation ( l2 * 4 )  f'( £ 9 r\ ) i s3 X3 , U3
the Fourier transform  o f  an a r b itr a r y  fu n ctio n  f ( x ,  y ) ®
For .th is  p o te n t ia l  fu n c tio n  i t  i s  e a s i ly  seen* by su b s t itu t in g  from ( l 2 c4-) in t o  
equation ( l0 * 2 )  th a t the temperature d is tr ib u t io n  i s  g iven  by
•  ( * , . y ,  * )  „ ) r i ( S x +  * e * n  ( 1 2 .5 )
so  th a t , i f  we choose X ( z )  = 0 ,  we f in d  the fo llo w in g  co n d ition s on 0
Q —> 0 as z - 4
 ^ ( x ,  y ,  0 ) = f ( x ,  y )
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These fu n ctio n s  le a d  “bo the co n sid era tio n  o f the problem shown in  F i g , l 2 „1
^>p z  ~ 0
F ig*  12.1
with boundary c o n d itio n s
a = r  = r  = Q* 6 = f ( x ,  y ) on z  = 0 
3 *3
6 —> 0 as z —^  oo
A ll  p h y s ic a l q u a n tit ie s  tend  to  0 as z-s?co, x - ^ i  «* y y ^  + <» 
The p h y s ic a l q u a n titie s , o f  in t e r e s t  are then g iv e n  by
u = x
4
— £ -------------- f ° °  r  ! - £ ? (  ^  .  7? )  e “ i (  £  X  +  7] y )




1 y .o o L(i5 2 '
— r ”  f
4  2 — ^) J =.oo •/«.<
- ¥  r ** rc
2  W ( /?2 — i )i-ool»co £




f ( € « * ) - i U x  + ^ y ) -  £ *c d g  d 77
d £  d7]
~ r £ s  , f (  s , r  n )  d g d ) J
“ 2 jt (y9 2 -  1) L  J -00 J 2a s
xy 2 ’’•(ys2 _ ! )
f (  €  .  V ) - i (  5 x  + 7) y ) -  J dg d77
( 12. 7)
( l ? . 8 )
(12 .9 )
( 1 2 , 1 0 )
( 1 2 . 1 1 )
( 1 2 . 1 2 ) 
(12 .1 3 )
These are th e p h ysicab * .q u an tities requ ired  fo r  the d isc u ss io n  o f  th e s e m i- in f in i t e  
solid* Now l e t  us con sid er  the problem o f a th ick  p la te  —1 < z < 1 whose tr a c t io n  f r e e  
surfaces are deformed by the tem perature d is tr ib u t io n s  6 = f ( x ,  y)  on z  — \ and
= f ( x ,  y)
z  = +1
y  x
z = - 1
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^(x, y.
Choose the p o te n t ia l  fu n ctio n  i/t ( x ,  y ,  z ) to  he 
z ) f  f°° ^9  r?)sinh(l + z) g + 77)sinh(j -  ^ _ “ ifex+77y)
4tt(/3 2 -  1 )
d^.7] ( 1 2 *1 4 .)
C 2 s in h  2 £
and X (z )  = 0 .
Then i t  fo llo w s  th a t the temperature d is tr ib u t io n  i s  g iven  hy
e(x , y ,  z ) = f  f  -fX ? ^ ) s t o h ( l  f 8 );  + g ( ? T7?) s i n h ( 1 -  z )£ e- i (  gx  + „y ) ^  ( l  2<15)
2 tt 4««*/-oo s in h  2 £
Since f  ( € 5 V ) 3 g( £ * V ) are the F ou rier  transform s o f f ( x ,  y)  and g ( x ,  y ) r e s p e c t iv e ly ,  i t  
fo llow s th a t
Q = f ( x ,  y)  on z = 1 
0 = g ( x ,  y ) on z = -1 
The fo llo w in g  boundary co n d itio n s  are thus s a t i s f i e d  hy the fu n c tio n  g iv en  in  (12 .14)
( 1 2 *1 6 )
a = r 3 X3
a = r 
3 *3
r = 0  
U3 = f ( x ,  y)  on z = 1
T  -  0 , Q = g ( x ,  y)  on z = -1 y 3
(12 .17)
E xp ression s f o r  the p h y s ic a l q u a n tit ie s  involved ,' s im ila r  to  th ese  g iv e n  in  equations  
( 12 . 8 ) to  ( 1 2 . 13 ) are then e a s i ly  d er iv ed 0
C onsider a th ir d  problem as shown in  F ig 0l2*3
= f h ,  y )
/  7 7  7
E la s t i c  a
.Rigid,
z =1
with boundary co n d itio n s
a  - T  =  XJ
o e
3 z
r = 0 , 8 = f ( x ,  y)  on z = 1y3 * v 9 J '
-  w = 0 on z = 0
a l l  q u a n tit ie s  f i n i t e  as x ,  y-
The th ir d  co n d itio n  g iven  w i l l  be s a t is f ie d ,-  in  most c a s e s ,  provided  f ( x ,  y ) i s  a 
su ita b ly  chosen  fu n ction *
A s u ita b le  p o te n t ia l  fu n c tio n  i s
/ \ ”b r 00 f T 5 ,  O,)cosh'£’z - l (  Bjz + n v )  n\ip (x ,  y ,  z )  = ■ 1 — ” 7  I v—s— 4”~—- a~  e v , jr /■ 4^drj (12*19)
4. w (/? — 1 ) 4  00 «/„oo £ 2 cosh £
and we take y (z )  = 0 .
With the u su a l procedure we f in d  th a t
« ( x ,  y ,  z )  = n _ r f “  e - i ( € x  + r,y) ^  ( 12„2o)
2 vr Jo,00 JL.00 cosh /*7Tl o l o o  £
from which i t  i s  ea sy  to  f in d  the fo llo w in g  exp ression s
 ______ - = - -------  ' (  i M ^ J L h s s P -l  .S e - i (  S *  + n  y)  d g d „ ( 1 2 2^1
£ 2 cosh£
X . , _ 2
U = —  I I e“i ( ^ x +  77y) £^d77 (12*22)
i  7r(jS 2“ 1 ) */»®o «L.oo £ 2 cosh £
u = — r  r  f ( g , j a i n h g z ^ l U x + n y )  m v  (12t23)
3 A w(/5 2 -  1) L 0 0 L 00 £ cosh  £
a
X 2 jr(j3 -  1 ) «/-oo4oo £ 2 cosh  £
+ » y )  4 5 4  „ (12.24-)
i — — . f ”  f  ”  5 2 f ( S i i ^ c s  e- i ( g ^  + ?7y) aga^ ( 1 2 . 25 )
>oa> ft o©--IB f0 
u 2 7T (/3 2 -  1 ) J-ooJ o^o £ 2 cosh  £
r
xu
— _ L — _ r r  l i f L L u l / e - ^ 5* + ny) 4?d?) /  c« h £ z  (12 .26)
2. 7T (/? 2 -  1 ) *l»oa «Loo £ 2 cosh  £
i ® = - L . r ” T ”  U L I . » ,  e - 1 ^ * * 7^ )  a m  ( 1 2 . 2 7 )
3 z 2 f  •'»<» •!»*> cosh £
from which the co n d itio n s  ( 1 2 *18 ) fo llow *
Thus the fu n c tio n  g iven  by equation ( 1 2 . 19 ) g iv e s  the s t r e s s  f i e l d  in  an e l a s t i c  
layer 0 3 z  ^ 1 which i s  r e s t in g  on a r ig id  foundation  z 0 ,  whose boundary z = 0  i s  im pervious 
to the flow  o f heat* The la y e r  i s  deformed by the a p p lic a tio n  o f a tem perature f i e l d  
6 = f ( x s y ) on. the s t r e s s  fr e e  boundary z  = 1 •
i l 3  A p p lica tion  o f  F ou rier  tech n iq u es ( c o n t , ) *
in  §11 i t  was shown th a t by u sin g  the b a s ic  s o lu t io n  in  con ju n ction  w ith  the th eory  o f  
Courier techniques th a t we cou ld  s o lv e  a c e r ta in  c la s s  o f  problems in  rec ta n g u la r  coord inates*  
The question  now a r is e s  a s  to  whether we can apply the b a s ic  so lu t io n  to  th e analogous s e t
37
of problems in  c y l in d r ic a l  co-ord inates, ( P ? 4> ,  z )  when we have symmetry about the z - a x i s 0 
In th is  ca se  we make use o f  Hankel transform  techniques * I f  we denote the B e sse l fu n ctio n  of 
order v by J y(a)  and denote the Hankel transform  o f  the fu n ctio n  f ( p )  b y " f(B,) then we have, 
from the Hankel in v e r s io n  theory (Sneddon, 1951) th a t i f
then
f ( g )  =  f ° °  p t ( p )  j  U p ) a . p  
o 
f ( p ) = / '  g f ( S )  j  ( & . p ) a p  
j 0
(13 .1 )
(1 3 .2 )
The ca se  w ith  which we are m ainly concerned here i s  V = 0«
T<$ return, to  the eq u ation s fo r  the b a s ic  so lu t io n s  in  the a x ia l ly  symmetric ca se  as 
given in  i p  we se e  th a t a p a r t ic u la r  harmonic fu n c tio n  i s
tp ( p , z )  = JQ( a P)
I t  fo llo w s  th a t  a  p o te n t ia l  fu n c tio n  s a t is f y in g  the equations in  § 1 0 and a ls o  su ita b le  
for  f i t t i n g  boundary c o n d itio n s  in  th is  case i s
h S J  j  ( g p )e “ 5 z (1 3 o3)
2 ( / 3 2 -  1 ) J * 5
where we have a ga in  taken X ( z )  -  0 o
From equation  0 o2) i t  i s  e a s i l y  shown th a t the temperature d is tr ib u t io n  i s  g iv en  by
d i p ,  z )  = f ° * £ f ( £ )  J o( £  p)e  
* o
from which i t  fo llo w s  th a t  Q — ^ 0 as • z —^ oo
and 6 ( p , 0 ) = f (p  ) on z = 0
(13 .4 )
(13 .5 )
Thus the fu n c tio n  g iv e n  in  ( l3o3)  g iv e s  the so lu t io n  to  the problem fo r  a s e s i i - in f in i t e  
so lid  z > 0  whose s t r e s s  f r e e  su rface z = 0  i s  deformed by the temperature d is tr ib u t io n
e (  p ,  o) = f ( p ) 0
®»e
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u o  =  T T — : f  ^ ) J ( S p )
P 2(/3a - l ) J „
Z , v-e d g (13.-6)
U =r3 ~/ .2
2( /3‘
poo
—  / f ( g ) J
1 ) J  •  *
( s  p )e"  a g (1 3 .7 )
a -  <r. s  — —  [ *  g  f ( g )  
P * f i2 -  1 Jo
J , ( p g )  -  2 j ( p g )  /  ( p g ) ( 1 3 . 8 )
These are the s o lu t io n s  d erived  by L ockett and Sneddon (Q.Appl.M. J u ly , 1960) who
consider the s t r e s s  d is tr ib u t io n  in  d e t a i l  and g iv e  some p a r tic u la r  problem s.
A nother s u ita b le  p o te n t ia l  fu n ctio n  s o lu t io n  i s
>  f °  ? ( s )  s i n h g ( l  +  z )  +  g ( g ) s i n h g ( l  -  z ) j  ^  p ) 4 g
£ s in h  2 £ °
with x ( z )  = 0 .
The tem perature d is t r ib u t io n  in  th is  ca se  i s  g iven  by
a©r
( P 9 Z) =
I/©
g f ( g )  a ih h C ( l  + z) - fg g (g )  s in h g  (1 -  z.) j  ( g p ) d g  
s in h 2 g  6
so that on the b oundaries z = + 1 we have the co n d itio n s
( 1 3 . 9)
( 1 3 . 1 0 )
( 1 3 . 1 1 )
e ( p  , 1 ) = f ( p )
9  (  p , - 1 )  = g ( p )
I t  fo llo w s  tba.t the fu n c tio n  g iven  by equation  (13 .9 )  proid.dsa the s o lu t io n  to  th e  
problem fo r  a th ic k  p la te  —1 < z < 1 to  whose s t r e s s  fr e e  boundaries z = + 1 , are a p p lied  
the temperature d is tr ib u t io n s  g iven  by equations ( l3 « 1 l )«  The q u a n tit ie s  o f p h ysica l, 
in terest v i z . ,
up =
2( /3 !
_ _  /*” ? ( € )  s in h g  ( l  + z ) + g ( g )  s in h g  ( l  -  z )   ^ ^
1) J o sirih 2 £
( 1 3 . 1 2 )
u _ z ~
a a . =
2(/3'
/"” f ( g )  o o s h g  ( l  + z )  - 
l )  J.o s i n h 2 g
J0( e P ) 4  5
f ( 5 )  s in h g  (1 + z ) + g ( g ) s in h g  (1 -  z )
P * ( j S a -  1 ) sinh.2 ^
j 0( g f )
te>)
( 1 3 . 1 3 )
a g  ( 1 3 . 1 4 )
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are in  agreement w ith  the va lu es  g iven  "by Sneddon and L ockett ( Q„A0M0, Ju ly  i 9 6 0 ) when 
g(p) i s  taken to  be zero  to  agree w ith  th e  temperature d is tr ib u t io n  taken by them.




Another problem w hich i s  o f  in t e r e s t  i s  th a t o f an e l a s t i c  la y e r  0  ^ z  ^ 1/.r e s t in g  on a 
rig id  fou n dation  z < 0 whose boundary z = 0 i s  im pervious to  flo w  o f h e a tc
^  z = +1
=0
F ig .  13 q3
To so lv e  t h is  problem we choose our p o te n t ia l  fu n ctio n
ifs{ p t  z ) = f  ? t e ) c q s h ^ - j  ( p g ) a e
J o E cosh  E2(j82 -  1)   g c  B;
and x ( z )  ~ 0 .
With the s o lu t io n  ( l 3 . 1 b )  we f in d  the fo llo w in g  q u a n tit ie s  on s u b s t itu t in g  in  the
equations of §10
3 z
u ( p ,  z )  =
(Pjr z )  ==
r e ? ( e )
/ o
cosh£. z
cosh  ^ J  ( p 5 ) 4 5
(13 .16)
<f oo
/  S 2f ( 5 )  
/ 0 coshC
J  ( p 5 ) 4 5 (13 .17)
b
/» oo
? ( € )
sin h  £ z j „ ( p  5) 4 5 ( 1 3 . 1 8 )
ICMCM f0 ^ b s h  £
/• oo ^
/ f ( s )
cosh  £ z J  (5  P ) 4 5 (13 .19)




p ,  1 ) = f(p  )
ae ( 1 3 . 20 )w = ~  ~ 0 on z  r  0 9z
The c o n d itio n s  ( 13«20) are th ose  req u ired  fo r  the s o lu t io n  o f the problem.
The s o lu t io n  g iven  above was f i r s t  d erived  by Sneddon and L ockett (1960,  p ,309-317) 
using a d if f e r e n t  method^ and they d iscu ss  i t  in  some d e t a i l .
In  the th ree  problems con sid ered  in  t h is  paragraph we have demanded on ly  a known 
temperature d is tr ib u t io n  6 ( p s z ) on the s tr e s s  f r e e  su r fa ces . Suppose we p rescr ib e  the  
heat f lu x  in s te a d . L et us b eg in  w ith  the s o lu t io n  d iscussed , by Lur*e C1955)  who 




t e e  q ( p )  == (2  jrp) " 1 Q 6 ( p ) .  P i S- 13. 4-
0
Let us take our p o te n t ia l  fu n ctio n  ip( p 9 z )  to  be
t  ( p ,  B) =  -  — / “  9 ( e )  ■ t o h S i l . j j d  J  ( g  p )  d €
2(j8 2 — 1 )*' o £ 2 cosh2£
and y (z )  s  0 ,
Then the temperature d is tr ib u t io n  i s  g iv en  by
so that we haye
^  S S I  * ,(«  /»)
&( P-9 h )  = 0
I f  ( p ,  1 )  = l ( p )
(-13 ..22)
w^lere we have w r itte n  Q(^) to  be the Hankel transform o f q(p)
4-1
Further i f  we co n sid er  a l in e a r  com bination o f $ ( p 9 z )  and i t s  normal d e r iv a tiv e  
with resp ec t to  z, to  g iv e  us our boundary co n d itio n  we may con sid er  problems o f  the type  
Considered in  811 and so lv e d .h y  eq u ation s ( 1 1 *2.2.) to  ( l 1 *2S) o f  a h ea t source p laced , a t  a 
point above the semi—i n f i n i t e  s o l id  z  = 0 *
The boundary c o n d itio n  on the s t r e s s  f r e e  fo r c e  z  = 0 i s
h e - £ £ -  =  2 J __________
9 z 4 i r / c (6 2 + p 2 ) 3/2  
A su ita b le  p o te n t ia l  fu n c tio n  fo r  th is  problem would be ( P s z )  where
( 1 3 . 2 3 )
+b Q. - a ( z 4-6)
G J q( a p )  i a
9 z  8(/32 -  1 ) ttk J 0 (h + a ) 
which reduces to  th e s o lu t io n  g iven  in  (11 <,24p fo r  the temperature f i e l d  i f  we w r ite
(13.24)
X ■(h + a ) t Ath + a /•> 0
and interchange the order o f  in teg ra tio n *
Let us now co n sid er  the e f f e q t  o f p la c in g  a heat source Q a t  a d is ta n ce  6 above the  
stress fr e e  su rfa ce  z = -1 o f  a p la te  -1 < z < 1 9 whose o th er  su rface z = + 1 i s  m aintained a t  
a temperature g ( p ) .  To f a c i l i t a t e  the ex p ressio n s used* l e t  us take g(p)  = 0 and choose
P 9 z )  .as - e 1^  s in h  & (1 ?z)
8tr/c(/32 -  l ) i 0 £ ^“h s in h .2 £ + J  cosh  2gj
* Jt ( % p ) i $ (13 .23 )
* ( 2) E 0 .
A l
0  = O 42
/“
Then we have the fo llo w in g  exp ression s fo r  the q u a n tit ie s  d f p h y sica l in t e r e s t ,




± a _ e 1^ s in h
8 wk( P z ~  i )  J h s i n h 2 g + £  co sh 2 £O
-bQ f  e h e c o s h S ( l  -  z )  j
8 % k ( §  2 1)  J  h s in h 2 £  + £ c o s h 2 £  °
i  j , ( S p ) a s
as
O’ . )  —
- h a „  r  e j ! B j J & S h .  Z - S L  J  ( 5 / x )




A, fu rth er  problem o f  in t e r e s t  i s  th a t o f  a p a in t source p la ce  o u ts id e  an e l a s t i c  la y e r  
0 £ z £ -I ly in g  on a r i g id  foundation  z £ 0 whose boundary z  = 0 i s  im pervious to  h e a t-  A 
su itab le p o te n t ia l  fu n c t io n  in  th is  ca se  would be
bQ -h£e ^coshfe z
8(/5 2 1) w J® § (hcoshg  + £ s in h £  )
X ( z )  =  0 o
Ike temperature f i e l d  s e t  up in  th is  ca se  would be
r  r h E
q( q v ) „ -ft - / g e  c o s h g z j  ( £  n ) aEP 9 * 4  w a: J  o h cosh £ + £  s in h  £ ®
J 0(^ P) d £ ( l 3 . 3 0 )
(13 .31)
so that on z  = 0 9 ~  ( p 9 0) = 0* and on z = - j ,  h 0  =96 Q 5
by
4ir /c(82 +  p2 ) ^ 2
I t  fo llo w s  from th e  eq u ation  ( l  3 «3 0 ) th a t the q u a n tit ie s  o f  p h y sica l in t e r e s t  a re  g iv en
4-3
u ± L .
00 e*1 ^ c o s h £  z
 ^ 8 ttk{  (32 -  1 ) * o h cosh^ + £ s inh £
(13*32)
u  = A S .
-4h£ . , re s in h  4 z
2 8  v k  ( /32 — 1 ) J 0 h cosh £, + g s in h £
j  ( g p ) d g ( 1 - 3 . 3 3 )
'#•; ” h ^ „e c o sh £  z
a  — . g  = ---------------------------- 1 — — —
P $  k-inc(  /32 -  1 ) J4j h c o sh £ + £ s in h  £
Q
( 1 3 .3 4 )
E la s t ic .
z
z. = —1
F i g .  13 .7
In  th is  paragraph, up t i l l  nows. we have d iscu ssed  on ly  problems w ith  symmetry about 
the z-a x iso  The b a s ic  s o lu t io n  can be extended to  cope w ith  problems which do not p o sse ss  
this symmetry. We s h a l l  now use co -o rd in a tes  (p ,  4> ,  z)»  The r e la t io n s  in  which we are  
in terested  w i l l  now be g iv en  by equations ( 1 0 .7 )  to  ( 10J1) where i}t ( p , <f> 9 z ) w i l l  now 
sa tis fy  th e  eq u ation
v2  ^ _ a2  ^ + :L J lL  + JL. a  ^ + U L  _ o
dp 2  p  s p  p 2  a $ 2  a /
( 13 . 33)
A simple s o lu t io n  o f  t h i s  eq u ation  i s
i g z
s  cosk  4> ( £  p ) e  (13*36)
so that we can apply a summation and in te g r a t io n  procedure to  i t  to  y ie ld  the p o te n t ia l  
function s u ita b le  f o r  ou r purpose
CO
<K. P J> 0 * z )  =  ------- *   ) cos m
2 (  /32 — 1 )  / _ /  0
^th. * ( z ) «  0 .
. - £ z  (13 .37)cos   q> , e d £
m=o
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I f  we s u b s t itu te  (13-37)  in to  the equations o f  §10 we f in d
OO
e( p ,  <f> ,  z ) = )  cos m<t> [  5  a ( g )  J  ( ?  p)e~S z  d£m (13.38)
m=o
Prom ( l3*38)  i t  fo llo w s  th a t & —> 0 as z —) 00 and th a t on the boundary z = 0 ,




cos mcp £  a ( g) J  ( £ p) d g  
Jo m m
(l3*39)
I f  we now co n sid er  the problem o f a s e m i- in f in it e  s o l id  z ) ^ 0 9 w ith  i t s  boundary 
z = 0 9 f r e e  from a p p lie d  s tr e sg  and w ith  an asym etric temperature d is tr ib u t io n  on the  
surface which can be expanded in  a s e r ie s  o f c o s in e s  as follows
e ( P ,  4>,  0 ) = L u e  (p ) cos m 6m = o m ( 1 3 . 4 0 )
then (13*37) g iv e s  the s o lu t io n  provided  th a t ,  when we compare the c o e f f i c ie n t s  o f  the  
ser ie s  (1 3 .3 9 )  and (1 3 .4 0 )  we take
a (§ >  = / p S (p )  J  ( p g ) d p  = 6 (?)in l w m m
thwhere we are u sin g  the" m order Hankel transform .
L et us now w r ite
X ( p ,  z )  = f  9 S  (p  g )  e Sz 
"*1 in  ” “*1
(13 .41)
a ? (13 .42)
Then on s u b s t itu t in g  from eq u ation  (13 .37)  in to  the equations g iv e n  by § 1 0  we have, 
for the problem shown9 in  P i g Ql3*8
6 ( p)c©s rm <fi
P




Z cos  m <b 11 -  I  ILm+1m = o
*  4(/3  2 -  1 )
oo
E s i n  m rf>| I  + X I^ L ra+i m’ lJ
-b





p ( p z “ 1 )
OO£
m=o
cos  m<p I
cos m$ " ~  ^ X + —-+ A- I





after s u i t a b le ' arrangement o f the B e s se l fu n ctio n s in v o lv ed  u sin g  r e la t io n s  g iven  in  
Watson (1944 )» The above r e s u l t s  are in  agreement w ith  th ose ob ta in ed  by Muki
(1957, p .4 2 -5 4 ) u s in g  d if f e r e n t  methods.
From the above a n a ly s is  9 the s o lu t io n s  o f § 10 are a p p lica b le  to  the problem of a sem i- 
in fin ite  s o l id  deformed by an asym m etrical temperature d is tr ib u t io n . I t  i s  o f in t e r e s t  to  
see whether we can apply them to  the problems o f  th ick  p la t e s .
We co n sid er  f i r s t l y  the th ick  p la te  -1 $ z  $ 1 w ith  the s t r e s s  fr e e  su r fa ces  z = 1 ,
deformed by th e a p p lic a t io n  o f asym m etrical temperature d is tr ib u t io n s  f ( p f  <p ) and
g( p , <f> ) r e s p e c t iv e ly ,  where we assume th a t th ere  may be expanded in  co s in e  s e r ie s  as 
follows °Q
f ( P ,  <t> )  = )  8 , mip  ) ° o s  “ 0
(13 .47)
m=o
g ( P 9 4> ) = j  0 m( p )  cos  m 4>
m=e
z = + 1
z = -  1
F ig ,  13 .9
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A s u ita b le  s o lu t io n  in  t h is  case  would he
i]i(p , f z)
2( /3‘ 
X { z )  = 0 ,
■—  \  cos  m d> f — ,’i
1 ) L i  J o
100 ( g ) s in h g( l  + z ) + e (g )s in h g (l -  z)rn 2« m
m= o 
th
tr ( p h i ?  (13 .48)
where we have denoted  the m order Harikel transform s o f  8 (p ) and 8 (p ) by 8 ( g ) .
^  i j f f l Z j m i j j n
?  (S) r e s p e c t iv e ly  *
I t  fo llo w s  th a t the temperature d is tr ib u t io n  in  the p la te  i s  g iv en  by
e(p , 4> 9 z ) = ^  cos m^J
1 (£ ) s in h £( l  + z )  + d (£ )s in h £ (l -  z) 
1 a rn 2 « m
s j  ( « p ) a e (13.49)
m = o
s in h  2 £
The tem perature co n d itio n s ( l3»47 )  are then e a s i ly  seen  to  be s a t i s f i e d ,  on the  
boundaries z = + 1 ,
I f  we s u b s t itu te  from equation  (13*48) in  equation ( 1 O.7 ) we f i n d  th a t the f i r s t  two 
components o f the d isp lacem ent v ecto r  u  ^ , u^ are again  g iven  by ( l3*43)  and (13*44)  
respectively provided  th a t we now w rite
t°°rzz ~ \ J  ( P *  £  )
I  (p  , z ) = / Q ( g ) s in h g ( i  + z )  + O’ ( g ) s i n h ^ l  -  z) 4 m+q J o ism z> m 4J sinn'fc,
while the th ir d  component u i s  g iven  by
(13*30)
\  cos m 0 1 —”a 
2(/?2 -  1 ) Z_J ' 0
m(£ )co sh g (l + z) -  0 ( g)cosh£(l -  z)1 a rn 2 ,  m •J (pg)dE m f (13.51)
m=o
s in h  2£
These r e s u lt s  are  again in  agreement w ith  th ose s ta te d  by Muki»
Now, co n sid er  the problem o f an e la s t i c  la y e r  0  ^ z  ^ 1 r e s t in g  on an im pervious r ig id  
foundation z $ 0 and b ein g  deformed by the a p p lic a t io n  o f an asym etric temperature d is tr ib u t io n  
on the surface z = 1 ,  g iv en  by 00
e ( p  , $  s l )  = \  Q i p )cos  m<£ (13*5?)
where the boundary z = 1 i s  s t r e s s  free ,
m = 0




In ( l3«48 )  •write & f e )  = $ (^) = 6 ( e )  so that equation  ( l 3 . 4 8 )  hecomesi z 9m m
00
(4( p , < t > , z ) = - ~    y  cos m<j>\ I  ( g )  c o s h 5 z J  ( p g ) d g  (13 .53)
2 (S 2 - 1 )  L i  Jo m E coshE  "
ra= o
* ( z )  = 0 .
When we s u b s t itu te  from equation  (l3®33) in to  equation  (lO„7) we f in d  the fo llo w in g  
quantities
OO
e ( b , < t > , z )  = y *  c o s m ^ j  5 ) d S  ( 1 3 . 5 4 )
m=o
while the f i r s t  two components o f  the d isplacem ent v ec to r  (u ^  9 u.^) are g iv en  by equations  
(13.43 ) and (-13»44) r e s p e c t iv e ly  aga in  provid ing th a t we now take
W p » a) ■ u ( p g ) d e  (13-5S)
and the th ir d  component u i s  g iv en  byz
00
u = .......    y  oos m<f>[ $ (g ) s±nh§«£ J (p  g ) a s  ( 1 3 . 56 )
2 2 ( ^  - 1 ) L  h  cosh 5 mm=o
I t  im m ediately fo llo w s  from equation (l3<>54) th a t on the s t r e s s  fr e e  boundary z = 1
OO
d ( p  9 0 , 1 ) = : . /  Q ( p) cos  m<££ I m
m=o
as. required  and a ls o  th a t on the boundary z -  0
d 0 n w = ■— * = 0 .a z
The p o te n t ia l  fu n c tio n  g iv en  by equation  ( 13»53) thus g iv e s  d so lu t io n  o f  th is  problem.
^ 4  S o lu tio n s  fo r  rec ta n g u la r  p a r a lle le p ip e d s .
We now co n sid er  the a p p lic a t io n  o f  the b a s ic  so lu t io n  o f  § 1 0  to  problems which are  
hounded, in  the x and y  d ir e c t io n s  as w e ll as in  the z d ir e c t io n . For the c a se s  in  which the 
j medium was unbounded in  d ir e c t io n s  perpend icu lar to  the z apd-s we found th a t  F ourier and 
:j Harskel transform  techniques were s u ita b le .  I t  th erefore  seems p o s s ib le  to  apply e ith e r  
: Courier s e r ie s  (when we are d ea lin g  w ith  rectan gu lar co -o rd in a tes) or  D in i s e r ie s  (when we are  
using p o la r  c o -o rd in a te s)  to  s o lv e  the problems fo r  reg ions bounded in  the x  and or £  
E r e c t io n s .
I
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Consider the problem o f a rectan gu lar para llelep iped* . In  order to  keep the formal 
calcu lations as sim ple as p o s s ib le  we s h a l l  assume that the p a r a lle le p ip e d  has one p a ir  o f  
faces in  the form o f a sq u are, the len g th  o f whose edge i s  tw ice our u n it  o f  len g th . We 
assume th a t the fa c e s  o f  the p a r a lle le p ip e d , perpendicular to  th ese  fa c e s  are impervious 
to heat and th a t the normal displacem ent on th ese  f a c e s  v a n ish es . The so lu t io n s  we d erive  
therefore g iv e  the s t r e s s e s  in  an e l a s t i c  p lug embedded in  e i th e r  a r ig id  s e m i- in f in it e  medium o 
in a r ig id  p la te . .  We employ double F ou rier  s e r ie s .
F ir s t ly  co n sid er  the problem shown.
8 = f ( x ,  y )
F i g .  1 4 . 1
with boundary co n d itio n s
a , = 7*. — T — 0 II9z JCLi
d —^  o as z  -> oo
u X = 0 , X




I o X = + 1 9 _ay
( i W l )
From eq u ation  (f0.3)
3 x  2 9 y 2 d z  2
a- su ita b le  sim ple s o lu t io n  i s
^ ( x ,  y ,  z )  = e±pz cos a x  oosjSy (14*2)
w h e r e  p 2 =  a 2  + i g 2 e
I f  we apply a summation procedure to  th is  so lu t io n  we ob ta in  th e  p o te n t ia l  fu n c tio n
oo oo
$  (** y.»; z)
■ i t
c-fc,i a cos mirx cos m r y  
V- ! mn —P m m Ze  mn
m^e n = o
* ( z )  = 0
mn (1 4 .3 )
4-9
where now x> 2 = 7r2 (m2 + n 2) and (m, n) /  (O, 0)mn
Then i t  fo llo w s  th a t
OO OO
-p
6 ( x ,  y ,  z ) = ^ ^  a mn cos i n  cos n 7ry e mn ' ( l 4 . 4 )
which tends to  0 as z tends to  00 =,° n"°
Using the equations o f  § 1 0  i t  fo llo w s  e a s i ly  th a t th e boundaiy cond itions. ( l4®1) are a l l
s a t is f ie d  provided  th a t Q ( x ,  y ,  0 ) = f ( x ,  y)  can he expanded in  a s e r ie s  as fo l lo w s ,
a cos m it x cos n w y  H ^ x ^ i  mn6 ( x ,  y ,  0 ) = f ( x ,  y) =
m = o n  = o - 1  y  s M  .
This w i l l  in  gen era l he p o s s ib le 9 f o r  even fu n ctio n s o f  tem perature, to  w ith in  an, a
constant® There i s  no term a  ^„ However, th is  i s  a m atter o f  d ec id in g  on the s c a le  fo r
temperature® From the theory o f  double F ou rier  s e r ie s  we may f in d  th e con stan ts a ;m , 0
a 5 a as fo llo w s  o,n mn
° = -ft J J  f  ( x ,  y ) cos m i rx  dxdy
a o n = ^ J J  f ( x> cos n i r y  dxdy (14*5)
m /  0 , n /  0a = / /  f ( x ,  y ) cos mw x cos n f  y  dxdy
m>n JJ
where the f i e l d  o f  in te g r a t io n  i s  the square -1 < x  ^ 1 ,  H < y   ^ 1 •
Equation ( l4 « 3 )  th u s-g iv es  th e form al s o lu t io n  o f the problem as expressed  .by the  
"boundary c o n d itio n s  ( l 4 *1 )«
I f  we w ish  to so lv e  the corresponding problem fo r  a th ick  p la te  -  6  ^ z  $ 8 where the 
temperature d is tr ib u t io n  on the s t r e s s  fr e e  fa ces  z = + 8 and z = -  8 are g iv en  by f ( x ,  y)  
aftcL g (x ,  y ) r e s p e c t iv e ly  then the s itu a t io n  i s  as shown in  F ig . 14*2
Q = f ( x ,  y)
z=
E la s t ic
 8
z=" 8
F ig , 14*2
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with the "boundary c o n d itio n s
a  = t  ~ r  = 0 J 
z xz yz
_"Q
0 ( x ,  y 3 8 ) = f ( x ,  y)  on z = 8
IL — 0  , 3x  ~ °  on X = + 1
S-- ^
«------**----- -y*
We now con sid er  a p o te n t ia l  fu n c tio n
V  -  0 ,  | g  =  0  o n y  =  + 1
& S f l(x , y ,  - 6 )  = g (x ,  y )  on z = -  8
(14.6)
y ,  z )  =
2(/32 -  1)
OO ooIE
m=o n=©
a sin h (8  + z)p + h s in h (8  -  z ) p  mn '  ±-mn mn
p s in h 2 8p  mn mn
cos m irxcosn try ( l4»7)
where we now take the quadratic, fu n c tio n  x  to he
ha
X ( z )
4/3*8
( 8 + z )
hh
2 * ~ ( 8  
t /3 26
z Y (.1.4*8)
I t  fo llo w s  im m ediately from §1° that:
B ( x ,  y*  z) = i  a Q(i  + - )  + | -  h o( l  -  - )
oo oa
E E a s in h ( 8 + z)jp + h s in h ( 8 — z)pmn ’ ' -mn mn ' ""mn.
m-® n=* *rnn
cosm7rx cos n i r y (14 .9 )
sin h  2 6 p m
I t  ,jis then  e a s i l y  seen  th a t  the co n d itio n s  g iven  hy equation  are s a t is f ie d .  provided.
that we choose a such th a t  mn
oo oo
a cos m 7rx cos n i r y  
mnf ( x ,  y )  = ae + ^
rp^ c
■ ■■OQ __
g ( x ,  y)  = ' hQ + ^  h^^ cos mwx cos n i r y
q = o
m=© n=®
The a^^ are given, hy equation  (14*5) if* m / 0 ,  n  /  0  and.
a^ = i J J f ( x ,  y )  dy
The h n are g iv e n  hy s im ila r  ex p ression  w ith  g ( x 3 y ) w r itten  f o r  f ( x ,  y) ,
The s t r e s s e s  induced, are as fo llo w s
ha hh
—  ( * + * )  f — (8 - z )
h
“  Z E
1' ra==® n=©
a s in h (8  + z)p: + h sdhh(8-z)p
2  _ 2  mn mn mn ' , mrr
n  T T   I j ~ u - - - - - - - I I  T  I  r  . . .  L I I I t -  . . . . . . . . . . . . . . . . . .
( l 4 . 1 0)
( i 4 . 1 1)
p s in h  2 8p - mn x mn
j cosmwx cos n wy






— j  (6  + z ) + — -  z)
L j32S /3*S
OO oo
— —  y y
+ ( f  - 1 ) u  A *
a s in h (5  + z ) p + b s in h (6  -  z)pmn r mn ran ,sr mn
m=o n-o p s in h  2 6 p •^ mn r mn
-cos m 7rxcos n Try ( 1 4 . 1 3 )
00 00
W ~  (/?’hrE Im=o n=o a nm sin h ( 6 + z )p mn + b m„s±nh(6 -  z )pmn tt mn ' mn mnp s in h  2 5 p ^mn x mn s i n  m ir x s in n p y  ( 1 4 *14 )
As a very  sim ple case l e t  us assume th a t on the fa ce  z = 1 . 0 = @Q(l  ~ x 2) and th a t  
on z = " 1 « 6 = 0<, Then we have
r i
a = — 9
0 3 • /
4  e
a =3 0 n ? 0 ;
( - 1 )
J
fo r  the va lu es, o f  the con stan t terms <
L et us now con sid er  th e  problem shown below
6  = f ( x ,  y )
B la s t  Lc
z = &
Fig* 14.3
with the boundary co n d itio n s
<* = r  =  T = 0 ■ d ( x ,  y ,  8 ) = f( .x , y )  on z = 8 rx. xz yz
30 x . « o nu = 0 ,  — ™ = 0 o n  Vs 0- iT — y  = + 1
9 »
d e
w  =  —  =  0  
9 z
on z = 0  ,
(14*15)
The p o te n t ia l  fu n c tio n  appropriate to  t h is  problem i s
OO OO
0  ( x > y* z)-' - E  E
m=e n=o
a cosh  p z m/i mn.
2(/3^ -  1 ) L-—1 b~cosh  p 6
   j wn mn.
The fu n ctio n  g iv en  by ( l 4 o l 6 )  in  conjunction  w ith  a value o f
7*W  =
give, w ith  th e  use o f  the equations o f §10
cos mttx  cos  n ? y ( l W l 6 )
ba z o
(14 ,17)
0 ( x ,  y ,  z )  = a +
OO oo
1 E cosh p, za —  3UL-mn coshp 8 mn cos m 7rx cos n7r y (1 4 .1 8 )
m=o n* o
It i s  then  e a s i ly  seen  from th e  equations o f  § 1 0 ,  (14-17)  ard ( l 4 . 1 8 ) th a t the co n d itio n s  
(14-15) are  s a t is f ie d ,  provided, th at
00 s©




The c o e f f i c ie n t s  a mnare then  found from equations ( l4ob)  and ( l4»11 ) 9
The s o lu t io n  as we se e  above r e fe r s  to  an e l a s t i c  p a r a lle le p ip e d  in se r te d  in to  a r ig id  
m aterial, im pervious to  h e a t ,  with a g iv en  temperature d is tr ib u t io n  on i t s  surface*
The d isplacem ents and s t r e s s e s  are g iven  by





o E  E1 * m -*• n n — r\ mTV-a coshp  z mn r^nn=o n=o
oo oo
P mn cosh irmrr
2( /3 ‘ - E  E ”,m- o  n=o
a coshp z mn *  mn
s m  m 7rx cos n 7ry
cos: m 7T x  s in  n 77- y
p cash  p 6. r mn xmn
ba




a sinhp  z mn mn
p coshp 6 
m=© n = « mn ^ mn
t r E  E cos m 2r x  cos- n wy
( 1 4 - 20 )
( 1 4 - 21 )
(1 4 - 22 )
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2ba Id <r-> a. coshp- z
ffv/ -  ■«-.    »» \   ^ n 2 7r2  ’yn;i"  — cos m wrx cos  n i r y  ( l4«23)
2 ( /52 •• 1)> r 7 1 * m*- a
* „ 5 /  ^ 5 » N /  I I t  _^2
ran “mnB   /3  -  ; ^  P coshp 6r ' r ' *= S  n =  ® m n  m nr
40 Oft
2ha b r-  ^ r~  ^ a coshp, zo \  \  2 2 mn mn n t \g  ^ = ---- —— — 1 1 ■ ■—> > ) m tt — — —.» ...., — cos hittx cos n i r y  U4-*24;
B z ( Bz -* 1) ‘—J  P 2 coshp 6^  ' '  m=o n = o mn ^mn
OO OQC■ h r—%  ^ a cosh p z
ss \  \  m n i ■ — ■ni < mn  s in  m7rx s in  n jry . ( l X . 2 5 )
( Bz  — 1) i —/ P 2 cosh p 6^  m=© n = e  mn mn
§15. S o lu tio n s  fo r  f i n i t e  c y lin d e r s  „
In  th is  s e c t io n  we s h a l l  con sid er  se y e r a l problems which are s im ila r  to  th ose considered  
in § 1 4 ,  but we s h a l l  now attem pt to  so lv e  se v e r a l problems in  c y l in d r ic a l  p o la r s , ( p , <J> ^ z )  
and we s h a l l  assume th a t there i s  symmetry about the z-ax±s« In  § 1 4  i t  was shown how the b a s ic  
solution  cou ld  be extended by th e use o f  double F ou rier  s e r i e s .  In  t h is  s e c t io n  we s h a l l  use  
Dini s e r ie s  o
The D in i expansion  o f a fu n c tio n  f ( t )  i s  g iv e n  by
00
f ( t ) . =  £  a mJ „ ( X m t )  (15 .1 )
m=1where X ,  X ,  X « • .  • are the p o s it iv e  zeros (arranged in  ascending order o f  magnitude) o f
1* Z* 3
z J ^ z )  + H J y(z )  ( i 5 . 2 )
where H, v are r e a l con stan ts and v + 2  & 0*
In  the c a se s  we con sid er  we choose H = 0 and v = 0 , so  th a t X , X . , X , „ ®o  are the1 2  3
positive zeros o f  J  (z )  .  The c o e f f ic ie n t s  in  equation. ( 15-1 )  are then  g iv en  by
a = 2 / t  f ( t )  dt  |
Jo ^ (15 .3 )
a = ——2— > j  t f ( t )  J o( X m t )  d t ,  m » 1
X ' ) j Om t  2J 2( 4 . J o 0 ^0 m '
where we have in c lu d ed -a  term a Q because th is  i s  th e  s p e c ia l  ca se  quoted in  Watson ( l 9 4 4 )  
of H + p = 0 .
A s u ita b le  s o lu t io n , o f  equation ( 1O.3 ) in  the case  when we are co n sid er in g  ax ia l, symmetry
is
+  X z
<js ( p ,  z )  = e* J n( Xp ) .
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I f  we apply a summation procedure to  th is  we ob ta in  a p o te n t ia l  fu n c tio n  o f the form
’H p > h  =
2 ( /3 2 -  0 ra* 1
a sinh ( 8 + z )  X + h sin h ( 8 -  z ) X
■ ■ m m  » J  ( X  p )
Xa sin h (2  X 8 )  * mm m
( 15.4)
where the sum has been taken o v er  the p o s it iv e  zeros- X ,  X * X ,  •»« o f the fu n ctio n
/  \  1 2  3J ^ z ) .
For X (z )  we take the quadratic fu n ctio n
X ( z )  ~ b a ( 8  + z ) 2 - b ( & - z ) 2 . _  (15*5)
4 / ? 2 6  L °
From the equations g iven  in  § 1 0  and u sin g  equations (l5 « 4 ) and (l5® 5) ,we f in d  th a t the 
temperature d is tr ib u t io n  i s  g iv en  by
a r z - \  b ]" z “| .  •« J
• ( p . - ) - f t  + e J ^ L 1 - 6 j  + )  6 + a )x .  + 8 •  z ) \ p
J  ( 4  p )0 m
sinh2 X 8 m
<(i.5 . 6)
1
while the components o f  the d isp lacem ent v ecto r  are g iven  by
V -
a s in h / 8 + z ) X. + b sin h ( 8 -  z )  X
 L m  n .m-. ■    J  (  x  p )




H> = "" " [ a  (  6 +  a ) 2 -  Ta (.5 -  z ) * J  +  —  - - - - - - - - -
4 /S25 0 0 2( i8 s -  1)
a cosh (6  + z )  -  b cosh( 8 -  z ) x  \
-J2_____________ n w ____________ ffl *U 4  pj
m= 1
X sin h  (2  X 8 )  
m ®
(1 5 .8 )
co n sid er  the problem as  drawn below
z =
E la s t icR igii





0^ =  T = 0 J  Q( p ,  8 ) = f ( p )  on z = 6 •
,  d ( :'p 9  -8 )  = g (p )  on z = -  8
9 6  n
u p  =  “  =  0 » ■ ° n  p  =  1 .
(15. 9)
These c o n d itio n s  are e a s i l y  s a t i s f i e d  as i s  seen  from equations (l5 « 6 )>  . ( l 5*8)  
provided, th a t we choose the con stan ts a qS a^ , h>o s h  ^ o f equations (1 5 -6 ) such th a t
0 < P j  5 )  s - a  + )  a J  ( X p ) = f ( p )
0 /  1 m o m
ra~ 1CaO
a ( p., -  6) =■>»„+
fV \i I
Now from the th eo iy  o f  D in i s e r ie s  and equation  (15.5) we must have
= 2 j t f ( t )
J 0
dt ,  T9q = 2 / t g ( t )  d t 
J 0
t f ( t ) j ( X  t ) d t 3 1* = .....
ra J 2( X ) Jo  0 m M J  (X ) J 0
■fcg(t) J  ( x  t )  At , m £ 1
0 m
(15.10)
( l5 .1 l)
O' m
The e g r e s s i o n  f o r  the d iffe r e n c e s  in  s t r e s s e s
a ’ s in h ( 6 + z) X +1® sin h ( 8 -  z m ra m
\ P Z “ 1) s i n h ( 2 \ m6)
J  ( X p )
2 HI ( 1 5 ,1 ? )
C onsider now a s i t u a t io n  as shown
As z










= o ;  a : 
= 0






0 p =: 0 P = i
( 1 5 . 13 )
The s itu a t io n  then i s  o f a p lug o f e l a s t i c  m ateria l embedded in  a r ig id  foundation  which 
is impervious to  the f lo w  o f heat« To so lv e  th is  problem we choose a p o te n t ia l  fu n ctio n
P 9 Z) =
-b a eo sh x  z
2( §  2 -  1) w-, X 2 cosh  X 6
a z 0
J ( X o ) ( 1 5 . 14 )
vdth X ( z )  = T g g  » where a^ , a () a^ „„„ are d efin ed  by equations ( 1 5 .3 ) .  The q u a n tit ie s  of' 
physical in t e r e s t  l i s t e d  below  are e a s i ly  obtained  by su b s t itu t in g  from ( 15®14) in  the equations 
of § i0
°o
_ _____________ _  _ Q-v
0 (p 3 z )  =
a coshX z ___
J  ( X p ) 4 cosh  X m6 0 J 0 0
b
u =
P n t o Z2(/3 0 ?
00 a cosh X z
ra B J ( X  p)
. X cosh  X 5 roil m ra
U4 =
a z 0 t> a s inhX  z\  ® ■ 111 T n \
/?2 8 2(/?2 -  1 ) i —' X cosh X 8 0 mm=i m m
b a cosh  X z
■m' -- j  (*._*■)
m=
h X 8 m
ra
(1 5 .1 5 )
(15®16)
(1 5 .1 7 )
( 1.5 . 1 8 )
! what happens when we talce f (p  ) =
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Then
a =  2 0 t  )d t  = " 2^
i
(15.19)
X 2 J  (X ) m o' irr
so that we may w r ite
u
u.
- 2 * 0
Q z
m* 1
coshV  J i ( x rtp)
cosh X $  X3* J  ( X • )
2*0
m r o o m
sinhX  z J  (X  ra e r a
2 /3 6 (/3 2~ i ) Z_j cosh X 5 Xs J  (X, ’.)m nrt  ^ rm
i.(« ) =
2 i  e «0 \
/3 2 -  1 Z-J
msi  m o ' 
cosh X z J ( X p )
— cosh X S X J ( X mat m m 0'  m
( 1 5 . 20)
( 1 5 . 21 )
( 15 . 22 )
The s e r ie s  g iv e n  by eq u ation  ( 15 .2 2 ) was summed over the f i r s t  f i f t y  terms fo r  various  
values o f  z ranging from 0 to  1 .  The graph i s  as shown
z/f>
0 I
.0 5 .1 •15 .2 c.25 .3 o35 .4 .4 5 .5
1.0 0 .0005 .0 0 1 2 .0028 o0050 .0078 .0100 •0153 o0200 .0 2 5 4 .0313
.9 0 *0004 .0011 .0 0 2 4 .0041 .0063 .0092 .0124 .0165 .0205 .0250
.8 0 .0003 *0009 .0018 .00 3 4 .0051 .0073 .0098 . 012,9 .0158 .0192
.7 0 .0003 .0008 .0018 .0025 .0034 .0051 .0073 .0097 .0118 .0 1 4 4
*6 0 .0 0 0 2 .0007 .0013 .0019 o0030 .0043 .0056 .0072 .0087 . 0105
.5 0 .0001 <>00,04 o0009 .00 1 4 .0022 .0031 .0041 .0052 . 0064 .0076




z \ •557 .6 065 .7 .75 .8 .85 .9 .9 5 1
.0378 .0450 .0527 „0613 .0706 .0800 .0901 .1112 <,1132 *1250
o0300 o0349 .0405 .0466 .0521 • 0577 .0623 .0658 .0665 .0632
.02 2 8 0O266 .0304 .0338 o0371 .0398 .0415 .0422 .0415 .0378
.01 6 8 . 0194 o02l 8 .0239 .0259 o0271 .0277 0 02.76 .0266 .0247
.0122 *0138 .0 1 5 4 .0 1 67 .0179 .0187 .0188 .0183 -0175 .0163
*0087 .0099 .0109 .0118 .0125 o0127 .0127 oQ123 .0117 • 0108









I f  on the other hand we p lo t  a  graph fo r  l a  -  <j ! = co n sta n t. i ce .  the isoohrom ati'
P $lin e s  we o b ta in  a s o lu t io n  as shown.0
3 5 8 10 30 L 0  50 60
G-raph o f  \ aD -  ^  I = co n stan t0
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So fa r  we have d e a lt  w ith  problems in  which the temperature f i e l d  was d efin ed  on the s tre ss  
free su r fa ces . Suppose now th at we con sid er the problem o f c y l in d r ic a l  shaped e l a s t i c  m aterial! 
e n c lo sed  by a r ig id  m ater ia l im pervious to  the flow  o f h ea t, where the h eat flo w  across the 
stress fr e e  fa c e s  i s  p rescr ib e d . Then we have the s itu a t io n  shown.
z =
E la s t ic R ig id
z =- 5
• 1 5 .4
boundary co n d itio n s





= f ( p )
=  d p )
3 Q Q 
UP 3 P
on z = 5 
on z = -  6
on p = 1
I f  we take a p o te n t ia l  fu n c tio n
a coshX (6  + z ) — b cosh X (6 — z)
2(/S2 -  1) m* 1 X sin h  2 X 6  m m
J „( ^ p)o rart
ba z
s' and x(z) = -  0
2/3 2
In the u su a l way we ob ta in
(1 5 .2 3 )
(1 5 .2 4 )
0 (  p , z )  = aQz +
a coshX ( 6  + z) -  b cosh X (6  -  z)  
m m   -ZL------ ~ a -------------- J ( X p)





— a sinhX  ( 6 + z) + b sinhX  ( 6 -  z.)
s in h  2 X 6 m
J  ( x p ) .  ( 1 5 . 2 7 )0 m
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fhen we attem pt to  equate the d e r iv a tiv e  o f  Q ( p 9 z )  to  the fu n c tio n s  f ( p )  and g (p )  we 
find the fo llo w in g  equations
0 Q \




d z  = a 0 + T» J ( X p ) = g( p) on z = -  6 m o m
(1 5 .2 8 )
(15.29)
m* 1
I f  we f in d  the c o e f f i c ie n t s  a q 9 a.^ 9 lo ^ 9 1»^  in  the u sual way hy u sin g  equations
(15.3 ) we have
1 M
SLn = 2 I t f ( t )  dt -  2 / t g ( t )  d t 
0 J 0
( 1 5 . 30 )
The so lu t io n  d escr ib ed  by equation ( l5 .2 4 )  i s  th erefore on ly  a p p lica b le  to  problems in  which
(15.30) h o ld s .
The t o t a l  f lu x  o r  f lo w  o f heat p assin g  out through the boundary (z  1-  Q ) i s  e a s i ly  shown
to be
Q 1 = 2 ir k / p f (  p) dp 
J 0
and the t o t a l  f lu x  o f  h ea t flo w in g  in to  the e l a s t i c  m aterial through the fa ce  z  ~ ~ 8 to  be
Q = 2 7tk p g (p )  d p 0
Thus s in c e  no h eat can pass in to  the r ig id  m ater ia l 9 i t  fo llo w s  th a t the t o t a l  amount 
of heat en ter in g  through one fa ce  o f the plug must flo w  out through the other f a c e 0 This i s  
the p h ysica l f a c t  exp ressed  by equation  ( 1 5 . 3 0 ) .
Suppose on the o th er  hand th a t we take a ra d ia tid h  con d ition  over one s t r e s s  fr e e  
surface and p rescr ib e  the temperature d is tr ib u t io n  over the o th er . To make the problem  
sligh tly  l e s s  com plicated  we assume th a t on z = + 0 , $(  p 9 O ) = 0» While on z = H 9
\lQ -  L L  _ _______  ft....  ,




We choose our p o te n t ia l  fu n c tio n  in  th is  case  to  he
OO
b r=* a sinhX z
(js( p 9 z ) = 1 " 1 ' ' • /  ™ 0 J  (X p)
2 (/32 -  1) U  X 2 (h  s in h  X + X coshX  ) ° ra
T»a z
and x ( z )  = -
2 /3 2(h  + 1 )
I t  fo llo w s  im m ediately th a t
a z a sinhX z
e ( P ,  z) )    »--------- *--------------------- J  ( x _ P)
(h + J\ ) sinhX  + X coshX )m m  m
o m
9 0 a sp X a cosh X zm m  m
+-1 z*0 z h Lx (h  sinhX  + X cosh X .'. )m m
o m
Thus on the su rfa ce  z = -1 we have,
oo
h e  ~ I t  = a o + ) ^ a "i • >p)
and d( p ,  0) = 0 , on z = 0.
The va lu es o f  a * a are g iven  by equations ( i  5<>3) to  be o m
a = 2 f 1 t  . --------  3 6    dt
0 J o /c (6 2 + t 2>
~ —■ [  t  —  ^ " 1 V",n • J  (X t )  d t .
a m " / [ x j  + t zy / z
Qi . e .  a = ■ *' ■" o 2 7T K
1
2 \3  /  2S3 ( 1 + S 7  
i
p 6 f t  J 0 ( X m t ) d t




(1 5 .3 2 )
(1 5 .3 3 )
(1 5 .3 4 )
(1 5 .3 5 )
(15 .36 )
(1 5 .3 7 )
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I I I .  QRAGK FROHLEMS
A g r e a t  d e a l o f  work has t e e n  c a r r ie d  ou t in  the in v e s t ig a t io n  o f  s t r e s s e s  and 
strains in  th e  v i c i n i t y  o f  crack s and h o le s  o f  v a r io u s  shapes in  e l a s t i c  m edia. The 
e a r lie s t  c a lc u la t io n s  o f  th e  d is t r ib u t io n  o f  s t r e s s  in  the neighbourhood o f  crack s appears 
to be due to  I n g l i s  ( i 9i 3 )  ^ who co n s id er e d  the c a se  o f an e l l i p t i c  crack  in  an i n f i n i t e  
e la s t ic  p l a t e .  I n t e r e s t  in  th e  problem s o f crack  th eory  seems to  stem , how ever, from the  
paper by G r i f f i t h  in  w hich he d is c u s s e s  th e  fr a c tu r e  s tr e n g th  o f  g la s s  and in tro d u ces
the id ea  o f  th e  dependence o f  t h is  s tr e n g th  on the p rescen ce  o f  a cra ck . In  th e  stu d y  o f  
the two d im en sio n a l th eo ry  o f  e l a s t i c i t y ,  the major developm ent has been  M u s k h e lis h v ili1s 
work on th e  e q u a tio n s  o f  K o losov  ( l9 0 9 )*  U sin g  complex v a r ia b le  th eo ry , he s o lv e s  (1 9-53) 
many problem s o f  cra ck s and h o le s  in  an e l a s t i c  m a te r ia l . The s o lu t io n  o b ta in ed  by  
Westergaard (1 939 ) , in  w hich th e  author showed th a t  a s p e c ia l  c la s s  o f problem s can be 
solved by th e  in tr o d u c t io n  o f  a com plex v a r ia b le  fu n c t io n , can be shown to  be a p a r t ic u la r  
case o f  M u s k h e l is h v i l i ' s  s o lu t io n .  The methods o f  complex v a r ia b le  th eory  have a ls o  been  
used, by W igglesw orth  (1957) to  examine the problem  o f  a notch ed  p l a t e .  U sing F o u r ier  
transform m ethods, Sneddon and E l l i o t  (1946) have a l s o  d is c u ss e d  problem s o f  t h is  ty p e .
Koiter ( i 960 ) has c o n s id e r e d  th e  problem o f  the i n f i n i t e  e l a s t i c  s h e e t  c o n ta in in g  a 
doubly- p e r io d ic  s e t  o f  h o le s .  A . ' f u l l  account o f  the work c a r r ie d  ou t in  t h is  f i e l d  has
been g iv en  by S a v in  (1951 ) and by Green and Zerna (l9 5 4 )«
In  th r ee  d im en sio n a l a n a ly s i s ,  the analogue o f  the G r i f f i t h  crack  i s  the penny shaped  
crack. Thei im^gorijsy o f  the papers on t h is  type o f  problem , assume th a t  th e  crack  i s  
circu lar in  sh a p e , and th a t  i t  deform ed by an in te r n a l  p ressu re  p ( p ) .  Sack (1 9 4 6 ) , u s in g
oblate s p h e r o id a l c o -o r d in a te s  and a s o lu t io n  g iv en  by Neuber ( 1934)^ s o lv e d  the eq u a tio n s
of e l a s t i c  e q u ilib r iu m . An e x h a u stiv e  treatm ent o f  th e  penny-shaped crack  in  ^ in f in f in ite  
Qedium has b een  c a r r ie d  o u t by Sneddon (1 9 4 6 ) ,  u s in g  the methods o f  in t e g r a l  tran sform s.
The q u a n t it ie s  o f  p h y s ic a l  i n t e r e s t  are e v a lu a te d  in  t h is  paper and graphs showing the  
variations o f  th e s e  q u a n t i t ie s  i n  the v i c i n i t y  o f  th e  crack  are  p lo tte d *  A s o lu t io n  o f  the  
■same problem  h as b een  g iv e n  by Green ( l9 4 9 )»  C o l l in s  ( l 9 6 i )  u s in g  a method o f  the same type  
as Green1 s  has s o lv e d  th e  problem o f  th e  crack  in  an i n f i n i t e  medium* when n o t o n ly  do we 
consider a v a r ia b le  norm al p r e s su r e  a c r o ss  the crack  b u t a l s o  a sh ea r in g  s t r e s s .  Payne
( l 953) has a l s o  red u ced  th e  problem  o f  th e  crack  i n  an i n f i n i t e  medium to  th e  d eterm in a tio n
°f a harm onic f u n c t io n ,  which he determ ines, in  terms o f  an in te g r a te  The problem  o f  f in d in g  
foe therm al s t r e s s e s  i n  th e  neighbourhood, o f  a G r i f f i t h  crack  has been  s o lv e d  by O le s ia k  and 
Sneddon ( i 960 ) ,  w h ile  Lowengrub ( i 96i ) has determ ined th e  e l a s t i c  s t r e s s e s  f o r  th e  c a s e  o f  a
crack i n  a th ic k  p l a t e .  The p la n e  o f  the crack  i s  taken  p a r a l le l  to  the su r fa c e s  o f  th e
P late . The problem, o f  th e  e x te r n a l  c ir c u la r  crack  has been  ta c k le d  by U f lia n d  ( 1959)*
A f u l l  r ev iew  o f  th e  problem s in  crack  th eory  i s  g iv e n  by Sneddon and a l s o  by
^ e n  and Zerna ( 1954 ) ,
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816 . A d is c u s s io n  o f  a two dim ensional crack problem.
We b eg in  the co n sid era tio n  o f crack problems by con sid erin g  the problem o f a crack in  
an in f in i t e ly  lon g  e l a s t i c  s t r ip .  In  terms o f  rectangu lar co -ord in a te  axes ( x y y) we w rite  
the. displacem ent components in  the x and y  d irection ^  as u and u r e s p e c t iv e ly . We consider  
a s tr ip  o f m a ter ia l * — <#  ^ x  < o© y -  t t  $  y  ^  w ? w ith  a crack in  the in te r io r  o f  the m aterial 
on the l in e  x = 0 ,  s tr e tc h in g  from -  c to  + c .  The pressure ex er ted  by the crack i s  taken  





F ig  1 6.1
S in ce we have symmetry about the l i n e  y  0 ,  we may take the boundary co n d itio n s  in  the
fora
t  -  u = 0*x y  y  *





= -p (y )  > 
= o *
on x = 0,
(16 . 1 )
I f  we: co n sid er  th e  s o lu t io n s  o f  th e  equations o f  e l a s t i c  eq u ilib riu m  as d escr ib ed  in  
-given. by Sneddon ( l 9 6 l ) }we se e  th a t a s u ita b le  ch o ice  o f  the p o te n t ia l  fu n ctio n s  would be
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' - 1 ^ 7 )  ' <,6-2)
rt-1
GO
^ l ^ os ny  e ” n x  ( 1 6 . 3 )
A=l
I t  th e n . f  o llo w s e a s i l y  th a t








= ■ 1 T ari T1 "  ^ 2“  0  nx] s in  ny e"”2  ( l6 .5 )
2( ^ -  1 ) Zjk n L -I
n o i
00




t \ — yn an( 1 “°;nx ) ©os ny e ( i 6 *7 )
h*i. 00
V  2 • , - m  , „= - x  ^ m a n s m n j r e  ( 1 6 . 8 )T xy
A*t
The boundary c o n d itio n s  ( t 6 . l )  are then s a t is f ie d . ,  provided th a t we choose the
such th a t
' 09
2 j l  an  cos ny = p (y ) ,  0  < y  < a  ,  ( 1 6 . 9 )
h» I
1 °®
2  aQ + cos ny = 0 ,  c  < y  < ( 1 6 . 10 )
h * t
Before a ttem p tin g  to  s o lv e  th ese  dual trigonom etric  s e r ie s  i t  i s  o f  I n te r e s t  to  n o tic e  
the importance o f  the in c lu s io n  o f the term ^ a Q .  Suppose th a t we omit i t  and con sid er' the
clual s e r ie s oO
^ n  a^ cos ny = p (y) * 0< y  < 0  * 
h«t
°° < n (1 6 *12 )7  a cos ny = 0 . c < y  
&  n
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On in te g r a t in g  th ese  eq u a tio n s , the f i r s t  from 0 to  y  and the second from y to  t t  ,  
we ob ta in  th e dual s e r ie s  ( where we have w ritten  -  a^/ n ) ,
CO y
^ n A y s in  ny = J'p(y:)<3y = P(y:) ,  o < y  < c (1-6.13)
lujt*oo
2  A s in  ny =  0 a  < y  < w ( 1 6 .IA)
A*l
the so lu t io n  o f which has been g iv en  by Tranter ( 1959) to  be
A
an
8 2 3 1 f / \ / x 2 1 N— n s in  tt c J sXCs)^?. (1 + n , 1 — n; 2.j s s in  —c jds
w Q
where ( 16*1 5 )
X (s) = t  t  p j / in '^ t  s in  | q  ) ]  dt
V (s2 -  t 2)(l -  t 2s in 2-^cj
I f  we take
then
p(y) = cos y  ( 1 6 . 16 )
an = s in 4Tfzaru F (1 + n ,  1, -  n j 3 5 s in  ■r' ) ( l6 « l7 )
— -» 2 2 1  ^n
su b stitu tin g  from eq u ation  ( 1 6 «,1 7 ) in to  equations ( 1 6 . 11 ) and ( 1 6 . 12) ,  we ob ta in  the  
expressions
00
in 4^ o y  n^P (1 + n , 1 -  n j 3 * s in 2^ c ) cos ny ( 1 6 . 18 )
*  1- \
| -  s in 4“ C +  n , 1 “* n j  3 & si-11 g*5 ) cos ny  * \ ^ M /  ( 1 6 . 19 )
cr -  —s i  x| x*e
*75*1
rvt \
Consider equation  ( 1 6 *1 8 )* W riting
09
21 \ t «J|-) S
« * * * •  -  f   ^ j -  n . 1 —  n s  ^  2 s i n  t t  c  )  =  b -_____2n _ _______2_______
2  2 1
J- ( t ) .J o ( t .  s in  /2 c )
from W atson, p«40l ,  where 0  < c  < ir and using the f a c t  th a t
00 ^
2  n2J2n( t )  003 ^  = I
•J
i  sin . ~  s in (  t  s in  ^  CO£52§  008 (*  s in  2  ^
where we have u sed  the s e r ie s  g iv en  in  Watson, p«22
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we may3 on changing the order o f in te g r a t io n , w rite  equation  ( 1 6 . 1 8 ) as
x x=o
•  o ^= —sirrrr ■“  cos2^  J  t  J2( t  s in  c o s ( t  s in  ^  ) d t ( 1 6 . 20 )
oo
1 . V
“  2 S ln  2 oj J ^ (t s in .^ )  sin . ( t  s in  ^  ) dt
Again u sin g  W atson, p .40 5 , we have
0^  t  J ^ (t  s in  7p c o s ( t  s in  ^  ) dt
sxn£&2 -
—2 s iif  t;
0 < . y  < c
obs —
2.
s in  ^ '+ ( s in 2 ^ — s ir f  ~ )
and
o / J 2 ^
s in  s im  ( t , s in  ^  )d t 2 s ia j r
^/( s ir f % -  s i i f  §■)'
c < y < 7T
(1 6.21 )
0 < y  < c
•  2 ^ —r S ilt
V f s i r ! - |  -  sirf |)Tsin ^  + y ^ s iif  ^  -  sir? | |
I t  then e a s i ly  fo llo w s  th a t we obtain
°x|x=o =~cos y  ^ 0 < y  < c
c < y  < 7T 
( 1 6 . 2 2 )
( 1 6 , 2 3 )
as req u ired .
U sing a s im ila r  procedure on equation ( 1 6 . 1 9 ) we f in d ,  u sin g  the f a c t s ,  g iv en  in  
Watson th a t Ob
Jo J  2J  ( t  s in  —) c o s ( t  s i n ©  = 0 , < y  < ir
os £ 2  s i r f ^ i n  -  /  s in  ■^jj’ ^
/ /  . 2c . 2 y  y
/ ( ® 2  "  s i n f j
y  < c
( 16 , 24)
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J 2i S ^  0 0 3  n y  = 13 COS ^  c o s ^  s in  f  ) , ( 1 6 . 25 )
n*i ,k-
where we have used the s e r ie s  g iven  in  Watson, p . 327 , (12)
   <0
iz' s i n  6
(2  00a e ) k = c o s (2 n g )  + i 2 e 2n+1J2n+1 ,k s in ( 2n+l) e
( l 6 . 2 6 )
e
n * o  h - o
then i t  fo llo w s  th a t
■ \i I = cos §  ( s in  §  -  1 + 00s y )  _ 0 < t  < cXJ x=o " ir" " 1 - 1 -■ ■ -
^  ( cos y  — cos c )
o
= 0 , c  < y  < TT
( 1 6 . 27 )
Thus we have recovered  the required  houndary c o n d itio n s . However, in  the reg ion
0 < y  < c ,  i t  i s  seen  th a t the displacem ent changes sign ^  which i s  p h y s ic a lly  im p o ssib le .
We must th e r e fo r e  in c lu d e the term a 0 £0 s a t i s f y  the p h y sica l co n d itio n s .
Equations o f th£ form o f  ( 1 6 . 9 ) and ( 1 6 .IO) have been so lv ed  by Sneddon and S r iv a sta v
(1962) .
F o llow in g  the authors mentioned above, we s e t
*  cr  - 1/*-
~  a + /  a cos ny s  V.J g(u) ( u 2 — y 2) du , 0 < y  < c
2 0 y  ( 1.6 . 2 8 )
where we have in trod u ced  a fu n ctio n  g(u) as y e t  undetermined. From the theory o f  F ou rier
s e r ie s ,  i t  fo llo w s  im m ediately th a t , in  terms o f the fu n ctio n  g (u ) , the c o e f f ic ie n t s  are  
given by
c  r  **\
a = I g{u) J  (nu) du ,  n 1n oJ 0 *
f (16 .29 )
a = g(u) du O OJ ^
Now, l e t  us re tu rn  to  equation ( 16 .9 )  ,  which we may w r ite  in  the form  
OO y p
V  mn s in  ny = oj ^ (y )  dy = f*(y) say  » 0 < y  < o
n i l "1 ’ (1 6 , 3 0 )
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M ultip ly ing  each s id e  o f th is  equation by . ^   ^ —- y  2 and in te g r a tin g  from 0
to r ,  we have
(16 .31 )
w  ^
where the in te g r a ls  in v o lv e d  have been eva luated  w ith  the use o f E rd e ly i (1 9 5 4 ) , p .6 9 * V0I .1 
On s u b s t itu t in g  i n  th is  exp ression  fo r  the va lu es o f the c o e f f ic ie n t s  a^ (n  ^  1 ) ,  
and in terchan ging  the order o f the in te g r a tio n  and summation, we have
C A
o i  s (u ) du Z  ^  J (nr) JQ(nu) 
_ -(  p  + 1)
I y (j?  - y 1 )^-  2 4) (y ) 3y> o < r  <
( 16. 32)
We now req u ire  th e sum o f the s e r ie s  con ta in ed  in  the in te g r a l  on the l e f t  hand sid e*
Le-t us- co n sid er  the complex in te g r a l*
 ^ z ~ f  J  (z r )  J  (ai.) e ^ Z dz o _________
s im lf z
( 16. 33)
where 0  i s  the contour showru
»
P ig  16.2
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i
I t  may be shown th a t
oo
l l ,  J  ( n r )  J  ( n u )
sTt  r 1OO p
“ 0I y P Ju + i ^  ^  -  J 1 y ~ f t0 (uy) ay
r s in h fty  r
The f i r s t  in t e g r a l  on the r ig h t  hand s id e  may be eva luated  to  g iv e  ( l 6 .34 )
Ir 1 (y r )  Je (yu) a ,  = ( |j  + 0rfJ+1 (r1 - ^  (lfi<35)
I f  we now s u b s t itu te  in to  equation  (163*2.),. we ob tain
o J  g O ) r  2 H 1 ( r  -  u2 /  an = [  y (r l  -  A  f  (y) dy
n H + O  r “ 2r*V Sr(U -H i) oJ
+ o [  g(u) an J - i A f - y ~ P i 0M  j , +1M  ay
( l6 .3 6 )
where we have aga in  used  E rd ely i (1954* p»48 j V o l.2)
i f  now: we l e t  |J —) 0+ and d if f e r e n t ia te  w ith  re sp e c t to  r ,  we have
O ^
• g (r )  = J g(u ) K(u* r) du + A(r) (l6«37)
where we have w r itte n
A (r) = ~  QI  y(r* -  y*)* ^ (y) dy ( 1 6 . 3 8 )
and o f "  y
K (u , r )  = | r  J  I 0W )  ! . ( * * )  dy (1 6 .3 9 )
i . e w e  have reduced th e  problem to  the so lu t io n  o f a Fredholm in te g r a l equation  o f th e  
second k in d . Methods o f  s o lv in g  th is  type o f  equation are d iscu ssed  la t e r ,  when we so lv e  
a s im ila r  equation  w ith  a d if fe r e n t  k ern e l.
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F ig  1,7.1
We w ish  to  co n sid er  the problem o f an in f in i t e ly  long c y lin d e r , o f f i n i t e  ra d iu s , w ith  
a crack developed in s id e  the m ateria l o f the cy lin der*  We assume, in  the f i r s t  c a s e , that  
the ta l l  of the c y lin d e r  i s  fr e e  from ap p lied  s t r e s s ,  and th at the m aterial i s  homogeneous.
The crack, which we s h a l l  take to  l i e  on the plane z = 0 ,  i s  penny-shaped, and i s  su b jected  to  
an internal p ressu re p(p ) ,  so  th a t we s h a l l  have an a x ia l ly  symmetric problem* S ince wo have • 
this symmetry we may employ c y l in d r ic a l  po lar co -ord in a tes ( p , cp , z ) w ith  the z a x is  
coinciding w ith  the a x is  o f symmetry* As i s  usual in  crack problems, we require th at there  
should, be no sh earin g  s t r e s s  across the plane o f the crack , and th at there should be no d isp la c e ­
ment normal to  the p lane o f  the crack , ou tsid e  it*  We s h a l l  take the rad ius o f the crack to  
he our u n it o f  le n g th , and we denote the radius o f the cy lin d e r  by £  where. c > 1® The
conditions fo r  the problem s ta te d  above can then be rep laced  by the co n d itio n s  fo r  a s e m i- in f in it e  




oIIII on p = c , fo r
V
= 0 on 0 4  p $ c




iII on o /A A 1 J
on z = 0
(17-1)
problem i s  r e fe r r e d  t o ,  in  the fo llo w in g  paragraphs as the f i r s t  problem,
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The second problem we w ish to  con sid er  i s  again  th a t o f a cy lin d e r  w ith  a penny shaped 
crack developed on the plane: z  = 0 in s id e  the c y lin d e r . However in  th is  case we consider  
d iffere n t Boundary c o n d itio n s  on the su rface p = c„
<— 1—
F ig  17# 2
In t h i s  case  we co n sid er  the c y l in d e r . to  have i t s  w alls, clamped! ,An .a ltern ate  view  
of th is  problem i s  to  co n sid er  the c y lin d e r  embedded in  a r ig id  m aterial,, The Boundary 
conditions now Become
UL ~  T  = 0. r P 2
on. p =  c  9
^2 = “POO* o A < 1
o*
oIIis c > P > 1 y on z. = 0 ,
II o p £
We s h a l l ,  By u sin g  a com bination o f so lu t io n s  o f the equations o f e l a s t i c  eq u ilib r iu m s 
reduce th ese  problems to  the s o lu t io n  o f an in te g r a l equation,.
The problem above w i l l  be. re ferred  to  as the second problem,,
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§ 18 . A f i r s t  s o lu t io n  of the equations o f e l a s t i c  eq u ilib riu m .
S in ce we are d ea lin g  w ith problems concerning cy lin d e rs  having a x ia l  symmetry, we s h a ll
choose c y l in d r ic a l  p o la r  co -ord in a tes in  which to work. We take the a x is  o f z to  co in c id e
with the a x is  o f the c y lin d e r  and employ co -ord in a tes ( p , ,  $  ,  z ) .  The components o f the
displacem ent v ec to r  w i l l  then be denoted by (u  ,  0 ,  w) in  the usual way. The equations o f
e la s t ic  eq u ilib r iu m , in  terms o f the normal components o f s t r e s s  ( a * a ,  a  ) and thep 0 ' z
shear component ' r , then take the form 
p z
3 t  cj -  o r ,_ £  + __QZ. + _j0_______£  = 0 ( 18.1  )
dp 3 z  p
3 r  9 o- t
*  a i  + = 0 ( l 8 -2)
where,  s in c e  we harve a x ia l  symmetry, we have taken
k  = ’ 0 » V =  0 .
whore in  the u su a l way
K  >a ,4 »aa ) + 2  ^ ( (1 8 .3 )
r  y  dp. p oz
9u 9w
T--  = V I + ____
9z dp jpz
(18  .4 )
and
a 3UA = o + o + __
dp, p 3z
where \  ,  p are Lame’ s  con stan ts and are r e la te d  to  P o isso n ’s ra tio :v  where norm ally  
4 < v < i  by the equation.
 ^ = 2( )
As a f i r s t  s o lu t io n  o f  the equations ( l 8 . 1 ) and ( l 8*2) su b jec t to  the con d ition s
(18,3 ) to  ( 1 8 . 6 ) we co n sid er  the equations derived  by Sneddon ( 19^1). In  terms o f  a
p oten tia l fu n c tio n
ijj = ip( P ,  z ) ( 1 8 . 6 )
the components o f  d isplacem ent and s tr e s s  may be w r itten  in  the form









-  - » ' S r *  <*■ -  ' > > y -
.  -  2(S‘ -  1) J ^ . , 2  ( f -  , )
= 2z (/32 -  1 )  - j J




(1 8 .9 )
(18.10) 
(18.11)
and the hoop s tr e s s  may be determ ined from the expression
2 + <rpty~' = z 5 ? ( 18.12)
The choice o f the fu n c t io n  iff ( p9z )  most su ita b le  to the problems! under consideration  
is given by
oo
S*(p,z) == , 1 f n ~ 2 F(v) e "'i zJ (up)- CU®
“  -  1) 1
(18.13)
Having made th is  ch o ic e  we now s u b s t itu te  from equation (18.13) in to  equation (18 .7 )  
M l8.1l) to derive th e  q u a n t it ie s  in  which we are in te r e ste d . The components of displacement 
are given by
^  (1 ” 2 v  “ 77z) J ® d7? 
o
CD
w1 =  j V f  P ( t?  )  £2(1 -  v )  + 7? z ] j o (hp) & "n *dri
0
we fo r  the components o f  s t r e s s
(18.14)
(18.15)
" p  =  - 2 m e  11381  -  tiz)Jo (tip) -  (1 - 2d ? -  r ? z )  d0 ]
f f z  = ~2 p J f $ | )  ( l  + ^ z ) e Y 3j (  77p) d 77
°  f®
~ 2 p z  j  r? F(]) e ' ??ZJ i J?P) d 7?
( 1,8 . 16 )
(18 .17)
(18.18)
We are now in te r e s te d  in  the va lu es taken by th ese  q u an tities  on the plane z _ 0 , and
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on the c y l in d r ic a l  su rface p = a . On z = 0 we have
r 1pz
T p Z =  ° >  P >  0 ( 1:8 . 19)
CO
w1 = 2 ( l - v )  J 77* 1 F( v )  J q(77p) drj (l8o20)
°z = “2M ( T7P) d-77 ( 1 8 . 21)
and on the su rfa ce  p = c ,
= -  2pz I  rj F(rj) e ”772 J ( 77c) d.77 (l'8.22)
r* r J  (^c)) 1
°p = ~ 2>J J  F( ^  '[ J 0( 77° )  -  (1 “ 2 y)'- r^ - fj» ( 18 . 23)
r® t  J  ( v c l
+ 2/i I F ( ti) , z 77 e ”772 i  J ( 77c) -  —J-— }d77
L 0 7?o J
u^ = -  ^ V 1 F ( 77) (1 - 2 y -  77z) J ^ c )  e"77*  d?7 (1,8.24)
To f a c i l i t a t e  la t e r  working, i t  i s  d es ira b le  to obtain  th ese  expressions in  a s l ig h t ly
d iffere n t, form. L et us denote the Fourier s in e  transform o f a fu n ction  f (k )  bwith respect
to th e  v a r ia b le  ^ by
f s  | > M  ;e | = y r / «  x) s in  5x dx ( 18 . 25 )
and th e  F ou rier  co s in e  transform by
.00
[ f ( x )  ! ®] = y f j f ( x )  cos £x dx ( 18 . 26 )
Heaving done t h i s , i t  i s  e a s i ly  seen  that
=  n / I t f V t  ( t 8 - 2 7 )
^  I * * ' ’’8 ^  + #  *  [ 2 e  1 ’ *1  = v ^  ( 1 8 - 2S)
U sin g  equations (1 8 . 2 5 ) to ( l8 .2 8 )  i t  fo llo w s th a t
«0
5 j , (  •»«)**  ( 1 8 . 29-)
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The e x p r e s s io n s  ( 1 8 . 29 ) to  (1 8 .3 1 )  may "be expressed, very  sim p ly  in  terms o f  three
(1 8 .3 1 )
i n f i n i t e  in t e g r a l s  i^ , i ^ ,  and i ^ , where
r  1 »(■>) j um  dv
4 7£2 + J?2) 27T i  (5
g(^ ) J . ( ^ )  d„
( « 2 + 7?2)i2 =  ^ r7T J o
4£2 / ' * ? ( ' ! )  J  ( n o )
3 = 7 - I  ( e 2 r V r
dJ7
( 18 . 32 )
(1 8 .3 3 )
(1 8 .3 4 )
We can now ex p r e ss  eq u a tio n s ( 18 . 2 9 ) to  ( l 8 , 3 l )  i n  the touch more, compact form ,
? s { f 4 ^ ] =  ( 1 8 . 3 5 )
^ c { p p ] p ^ j  = - & ( o ? i1 + Vi2 -  i 3 ) (1 8 - 3S)
% { [ ^ }  = ' i f
v i 2) (1 8 .3 7 )
I t  i s  e a s i l y  se en  from th e  form o f the s o lu t io n  g iv en  above t h a t ,  i f  F (£ j i s  s u ita b ly  
ch osen , we may o b ta in  th e  s o lu t io n  o f  the problem o f  a crack in  an i n f i n i t e  e l a s t i c  medium. 
This, i s  i n  f a c t  th e  s o lu t io n  d er ived  by Sneddon(l 9 4 6 ). Wjs now w ish to  in tro d u ce  a second  
s o lu t io n  w hich  w i l l  reduce the normal and sh ear  s t r e s s e s  on the w a lls  o f  the c y lin d e r  P = c  
to  z e r o , and m ainta in  our c o n d it io n s  on the p lan e z = 0„ T his may be thought o f  as a 
c o r r e c t io n  s o lu t io n ,  and, a s  th e  rad iu s o f  the crack in c r e a s e s  and approaches the rad iu s o f  
the c y l in d e r ,  th e  second s o lu t io n  w i l l  become in c r e a s in g ly  im portant.
§  159 A secon d  s o lu t io n  o f  the equation s o f  e l a s t i c  e q u ilib r iu m .
A s o lu t io n  o f  the equation s ( 1 8 . 1 ) to  ( l 8„5 )  has a ls o  been d er iv ed  by Sneddon (1951 ) 
~i ti term s o f  a biharm onic fu n c tio n  X  which s a t i s f i e s  the eq u ation
The, components o f  s t r e s s  and displacem ent may be expressed in  terms of th is  function  
as fo l lo w s ,
(1 + v)
(19.2)u E 9p9z
w (1 + v )
E





where we have w r itte n  V2 fo r
92 i  a_ a2,
0p2 * J  dp + d z : ( 19 . 4 )
and E i s  Young's Modulus, where E = ( j \  + 2p) p / ( \  + p)
U sing the s t r e s s - s t r a in  r e la t io n s  we can now ca lc u la te  the normal and shear s tr e ss  
components
02 = 9 v lzxp 9Z
r 2 - 9
9p
(1 -
■5 - 99z ■vVzx
a2 = l l






( 19 . 5 )
( 19 . 6 )
(19. 7 )
( 19 . 8 )
We must now choose; the form o f x( P » 2) 0 We choose th is  fu n ction  in  the form
X (p z )  = -2P f  r 2|Ia(*€) + 4(1 -  v) B (^)| 1 0(P€J -  SP ) l(S p ) ] s in &  d£
lL (19 .9 )
where A(g\ an&JBfe ) a re  as y e t  arbitrary fu n ction s of the variab le  £ and ) ,  1^  (p£ ) a re
m odified B e sse l fu n ction s of order zero and one r e sp e c t iv e ly .
Having chosen the biharmonic fu n ctio n *  ( Py' z) in  th is  way, we su b s t itu te  from equation  
( 1 9 3 )  in to  equatigjis ( 19*5)  to 9-8) to obtain  the boundary con d ition s on the plane z, = 0 , 
and on the cy lin d er  p = c .  On z = 0,
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w 2 =  T z  =  0 ,  P ^ 0  ( 1 9 - 1 .0 )pz
oo
cr2 =  - 2 /i J e  J ^ [ a ( 5 )  -  2 V B ( S ) j  I 0 ( S P ) -  £ P  B ( ? )  I ,  ( ? P ) J  A ?  ( l 9 . 1 l )
a n d  o n  p =  c ,  <*,
n
| a ( 5 )  o ? I o(og) -  X((o5)] + b ( € ) _ ( 3  -  2V) o 5 l ( c  ) - 4 ( 1  - V )  X ,(o1)
0
-  C £ 2 I < c 3 |  V cos  € z ( i 9 . l  2)
71b = ~2 ^  I s f [A (5 >  + 2(1 -  v) B( C*l Ii(c'^) -  c S B ( 3  I „ ( c ^ } s i n  ? z d?
^  °  C J (19.13)
f i f e .  + 4(1 -  P> B ( € ) ] i , ( S p) -  ? P B ( §  I ^ S p j j c o s ^ z J a ?
(1 9 .1 4 )
F ollow ing the procedure used a t  the end o f paragraph 1 8 , we now re -w r ite  equations
(19.12) to i (19  , 1 4 ) in . the form of F ourier s in e  and cosin e transforms,,
^ { t CTp]p= o^]=  • ^ ■ |'( A (g)[CS ^  " I((c5)J  (1% 15)
+ B(S) [ ( 3  -  2>i)c'll1(c£ ) -  c 2g 2l , ( c? ) - 4 (1 -  „ )l,(c£
% t e « L e ’4  -  (19 . 16) 
;J p = c’- 4  = V f  [  N  + "(1 - 10 B(e)> - (c5 ) - 05 b ( 5 ) i »(c^  (1!M7)
We have now s e t  up two s e t s  o f eq u ation s, each o f which i s  a s o lu t io p  o f the e la s t i c  
equations o f equations o f equilibrium . We now wish, to  combine the^e two s e t s  to  g ive  the
so lu tio n s  to  the s ta te d  problems.
§ 20o Boundary c o n d it io n s c
We s h a l l  now c o n s id er  i n  more d e t a i l  the boundary c o n d it io n s  d isc u sse d  in  ^17»
L et us c o n s id e r  f i r s t l y  th e  boundary c o n d it io n s  imposed on the f i r s t  problem , th a t  o f  
th e  c y lin d e r  h av in g  i t s  w a lls  f r e e  from s t r e s s  and a crack  develop ed  in  i t s  in t e r io r  on the.
plane z = 0 , On z = 0
w here, on p>= c
rPz = o ,
P * 0 U 0 o i ;
w = o, P > 1 (20 ,2 )
a2, =-p( P)
1 > f  > 0 (20,3)
a
9
r= p z  - 0
(20*4)
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N either o f  the so lu t io n s  g iven  i n § l 8  or j l 9  are capable, s e p a r a te ly  of providing a 
complete so lu t io n  to  t h is  problem, However, i f  we combine each o f the so lu tio n s  we are able 
to  do so , Since; now the components o f s tr e s s  and s tr a in  are represented  by a combination 
of two term s, we may r e -w r ite  the boundary conditions (20 ,1 )  to  (2 0 .4 ) in  the fo llow ing way. 
On z = 0 ,
r 1p z + T2p z = 0, p > 0 ( 20 . 5 )
w1 + w2 = 0 , p > 1 (2 0 . 6 )
a 1z + a2z = -  p(p) 1 > P > 0 (20 .7 )
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f 0 (2 0 .9 )
Consider a ls o  the second problem described in  $17y that o f a cy lin d er  damped, on the w all 
such a way th a t th ere  i s  no ra d ia l displacement on p -  c ,  and no shearing s tr e s s  th ere , 
he boundary co n d itio n s then become, on a  = 0
T1PZ
T2 + *+ Pz = 0 , P > 0 ( 20.1  of
1w 2+  W = 0 , P > 1 ( 20 . 11 )
a*
z -




+ Up = 0 (20 .13)
r 1
Pz + 7-2+ Pz
= 0 (20.14)
In  both  problems the f i r s t  condition (20 .5 )  or (20.1 0) i s  id e n t ic a l ly  s a t i s f i e d ,  
e are thfen l e f t  w ith  three arbitrary functions F( g ) , A( g ), and B( g) w ith  which to  s a t is f y
j, . . , .  + -nri<? I f ' we so lv e  the la s t  two con d ition s in  each case i . e *the rem aining boundary con d ition s. j- ;
(20.8) and ( 2 0 .9 )  in  the f i r s t  case, and (20 .1 3 ) ,  (20 .14 ) in  the second, fo r  A( g) and B( g) |
en we w i l l  ob ta in  in teg ra l equations, o f the same form, but w ith  d if fe r e n t  values o f A( g) |
Bid B( g>, from the th ird  and fourth conditions in  each c a se , to  determine P( g ). We ,/
, , > n n -of A  and leave the d iscu ssio n  o f the in te g r a l equations to  • ,begin by determ ining A( BJ and t \  !'
-Pn-yc,t nroblem, I f  we su b s titu te  in  equations (20 ,8y and the next paragraph. For the H r-
> . ( ( 18 . 36) and (1 9 .1 5 ) ,  (19.16)  we ob ta in  the r e la t io n s  %120.9) from equations \1 o*5Pv> '
A (g) [o E  I .( ° 5 )  -  I , ( c ^  + B(?)  ^(3 "  2!') ° 5 Io(<35) _4(1" V) I , (C5) '  ^  I , ( ° ^
- c©^ + v± 2  -  i^ ( 20 . 15 )
80
ACS) I , ( o i )  -  B(S) [ c S l . ( c S )  -  2(1 - » ) , I  (a 5 )] = i j  -  i 2 ( 20 . 16)
On so lv in g  th ese  two sim ultaneous equations fo r  A(%) and B(g) we obtain the r e su lts , 
which we denote by A^(g),  B^(g) r e s p e c t iv e ly .
c K g l A ^ g )  = [ c g  i . ( c e ) - ^ ( 1  - v ;  1 , (eg)] eg ^
-  ^ { 1  -  V) og I . ( c § )  -  2 (2  -  v)(i; -  V) I | ( o g )  -  c 2g2 I ( ( c g ) l l ,2
+[2(1 -  v)  eg I . ( c g )  -  2(1 -  v)  I , ( e g )  -  c 2g 2 I , ( cg )~ |  i ,  
and A ( 20 . 17)
G ( g )  B ^ g )  =  e g  X ,  ( o g )  + f c g  I e ( c g )  - ( 1 -  v) I , ( o  « 3  i 2 -  e g  I 0(cg) i ^
( 20 . 18)
where we have w r it te n ,
G ( g )  =  c 2 g 2  I 0 ( o g )  -  (2  -  2 v  +  c 2 g * )  I , ( e g )  ( 2 0 . 1 9 )
and we d efin e  the in te g r a ls  i^ , i^, .  i ^ 3 in- terms o f the fu n ction  F(g)  by equations ( l 8 ,3 2 ) ,
(18 . 3 3 ) .and (l8«34)o
Now l e t  us return  to  the second case to  be considered , that o f thfe cy lin d er  w ith  
f ix e d  w a lls .  I f  we s u b s t itu te  from equations ( l8*35)> ( l8„37) and ( 19 . 1 3 ) > ( l9 . 1 l )  in to  
equations ( 2 0 .1 3 ) and (20*14) we obtain  the two simultaneous equations in  A( g) and B( g ) ,
A ( g ) l , ( c ^  -  B(g) [ e g  I * ( c £ )  - 4 ( 1  -  v ) I i ( c Z ) J  =  ( 2 0 . 2 0 )
A(g) I, ( e g )  -  B ( g )  [ e g  I 0 ( c g )  -  2(1 -  v) I , ( c C ) ]  = ± 3  -  ± 2  (2 0 . 21 )
We s o lv e  fo r  A( g) and B(g). and denote the so lu tio n  in  th is  case by A2 (g) and B2 (^).
UJien
A ( S ) = — i _ i  + _ ! — r c g i o ( c ^  -  4(1  -  v ) i , ( c ^ i 2 ( 20 . 22)
I , ( e g )  3  2 l [ ( ( o ^  L
B  ( g ) =  --------- -^------ i ,  (20.23)
21 , ( c S )  2
Having determ ined A( g) and B (^  in  each case* l e t  us now return  to the second and 
th ird  co n d itio n s  to  determine the fu n ctio n  F( g) •
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§21 r In teg ra l equations.
In  both. th e  problems we are con sid erin g , the boundary co n d itio n s on the plane z = 0 
are th e  same. I n  both  ca ses  we a r e  considering  a penny-shaped crack on the surface z -  0 U 
fe  assume th a t the in te r n a l pressure o f the. crack may be w r itten  in  the form
° z  = -  p(p) = -2  ju f (p )  0 < p < 1 (21 .1)
1 2 1 2Then on s u b s t itu t in g  fo r  cr ,cr ,w  , and w i n  e ith e r  equations (20 .8 )  and (20 .9 )  or 
(20.11) and. $20.12) we ob ta in
<D<D
f p ( 5 )  J (5<0 ag + I ^ A( £  -  2k B(g)i] I„(gp) -  gp B(g) I , ( g p ) j  dS = f ( p ) ,
0 < p < 1 ( 21 . 2 )
£‘ 1 F (£ )  J  (£p) d£ = 0 , p > 1 ( 21 . 3 )
tI
S in ce  A (s). and B(§) are, known, we have obtained a s e t  o f dual in te g r a l equations fo r  
the determ ination  o f  F (? ) . In  order- to  reduce th is  s e t  o f dual in t e g r a l  equations to  a 
single  in te g r a l  equation  * we w r ite
. = £ f  g&0 s in (g t )  dt (21 .4 )
©
idiere the fu n c tio n  g ( t )  has the value zero a t  t  = 0,
The second equation  of the s e t  o f dual in te g r a l equations i s  then im m ediately  
s a t is f ie d  and s in c e  -
^ J ^ p )  cos £ t j £  = '  „ 1   > P > t
- (21 .5 )
0 ,  9 < t
the f i r s t  eq u ation  o f the s e t  o f in te g r a l equations becomes
f ^ ( t )  at  + f  g [  [a(6) -  2V  B(€)J 10(€p) -yoS B(e) I ,  (&>)] dJg =  f (p )»
J jQ  -  4  I  0 < p < 1  (21 .6 )
Since, i t  i s  a ls o  tim e that,
r  T  d t -  i  e(-t) ( 2 1 . 7 )J 7 t 2 -  p2 ' 2
eluation  (2 1 .6 )  reduces to
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^ B (5 ) r, ~ ' w ' j- d£
(21. 8 )
We can evaluate the two inner in teg ra ls  in  equation (21 .8) and these take the values
P,2if  (,£p) ^
V t 2 p2 '
f  PP^-C^p ) ^  . _ s in h  g t
P o  i—s--------=\ r
a/*" -  p;  s
St cosh g t  — s.inh g t l  
and so , we may w r ite  the in teg r a l equation fo r  g (t)  in  the form 
g(t )
PaI«(5p)  do _ X
J t *  -  p2 ’ " g :
(21 .9 )
(2.1.10)
oosh g t  r dg)= -  J  -  -  J { [a (? )  + f l  -  2v )  B(g)J siuih g t  -  B(g) g t
* (21 . 11) 
Before proceeding fu rth er , we now? require to look a t the forms of so lu tion s obtained, 
for A(^) and B (^). These were given in  terms of the in teg ra ls  i^ , i^ ,  i^ ,  which themselves 
were, functions depending on F(£) and hence from equation (2 1 .4 ) on g ( t ) .  On su b stitu tin g
F<«) = s f g U )  s is :£ u  du
Inequations ( 1 8 . 32 ) to ( l8 .3 4 )  we obtain the values of the in teg ra ls  in  the form
i ,  = §  / g ( u )  [  sk ill Su [ k, ( oS) - S qK ,(°5)J + gu cosh gu K ,(c g ) j
i^  = ^ J fg (u ) sinh  6u K ,(o£) du
i^ = §* J^g(u) £ s ir ih  £u K0(cg) + K |(cg)
du




where we have made use o f the in teg ra ls
o ( s 2 + i?2 ) e
?)2 S l a n t  J . f a c )
(  g 2 +  p 2 )? =  2 g
sinh 5 1 [ k0(S o )  -  S c  K ,  (£ c ) J  
+ g t  oosh S t  K0(Sc) j
(21.15)
(21 . 16)
(21 .17)£  Tjsin J f (nc) ijn_ = s i n h g t K , g o )
«f ( S + 7i ) ^  r *1
t.feg f  ^ s in  rjt Jf (71c) di7_ _ t  aoshg t  K, (S c) - S  sinh S t  |_K|(cS ) + cS K0(cS)j 
1  ( g 2 + r?2 ) 2 (21.18)
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Having ob tained  the in te g r a ls  i^ , i^ ,  i^ ,  in  terms o f the fu n ctio n  g ( t )  we now determine 
A(g) and B(g) in  terms o f g . For the case o f the c y lin d e r  w ith  fr e e  w a lls ,  we obtain* a f t e r  
an amount o f  , red u ctio n , :? »
A(g) = 2 C H(°S ) -  2 + 2v] f gu cosh 5u du
+ j ' g(u)  s in h  , u ^  (21 }
TiG(og) 0
B,(s )  = v  G('cg) /  cosh‘®u du + 2^1 G-(c|)^^ f g ( u ) s in h  du( 2"> »2°)
where we have w r itte n
H(cg) = o 2^ 2 I  (og) K (og) + (2 -  2v + o 2g 2) I_ (cg ) K (og) (21.2-|)
0 0 1 1
and G-(cg) i s  as b efo re
I f ,a f t e r  some reduction* we s u b s t itu te  fo r  A^  and in  equation (21011) we. ob ta in  
the in te g r a l  equation  to  determine g in  the form
g ( t )  + \  f  g(u) K ( t ,  u) du = F ( t )  (21*22)
D
P ( t )  = -  ( 2 1 *23 )
7r 4/s/ta -  p2'
and the k ern e l o f  the equation  i s  g iven  by
K (t*  u )  = — f—3—  J f  H (c g )  -  l ]  [  g u  c o s h  gu s i n h  g t  + g t  c o s h  g t  s in h t g u ]
IT'I G-(cg) L 4 1  4
+ |j2 H (c g )  -  3 + 2v -  ° 2^ 2 ]  s i n i l  311111
— gu g t cosh  gu cosh g t }  ag ( 2i , 2g)
Having s e t  up the in te g r a l  equation to  determine g ( t )  in  the f i r s t  c a se , l e t  us 
again turn our a t te n t io n  to  th e cy lin d e r  w ith  clamped w a lls .
In  t h is  c a s e ,
A2(g) + (1 -  2P) B2(g) = r W 3 + 2T O ) f ^ (c5) ■ ^  (o5)l  *2 (21«25:>
1 J  -
On s u b s t itu t in g  in to  equation  (21 .11)  f o r  B ( l ) , i  * and u sin g  equation  ( 2 1 02 5 ) we 





g(t') + f  J~ g(u) K (t* u) dn = P ( t )  (21 .26)
p (t) = f J-0£=& (2U27)c >/ "t ~  P
K( t ,  u) = z  f t s d a f o f l s i f r a  * 2 i , ( c g)K,(<^) slKhgt  Btahei
7T ° I , (eg )
 ^ *<
-  (oS)l*, (eg) Qi coshgu s in h g t + t  coshgt sinhgu] ‘dg (2 1 .2 8 )
Using the f a c t s  th a t
I , (o S )K . (o g )  + I 0(cg)K,(cg) = ( o g ) - ’ (21.29.)
a n ^' J  - I - | ( x )  s i n h  oik  s i n h  yj'x =  -  f  “  I s d n B - a x  s d H h  f i x  d x
O o U > /J
= + (Tk ( x ) l  ( x )  s in h  ax  s in h  fixldx
— o 1 1 J<0 1
+ ||xK (fcc)r (x ) fa  coshax s in h  /3x + /} oosh fix s in h  a x j j ix  
• 1 * (21 .30 )
i t  i s  e a s i l y  seen  th a t the in te g r a l equation  may be w r itte n  in  the s im p ler form
g ( t )  =  — W  fy’- .  +  f g ( u )  K ( t » * 0  ' f i l l  ( 2 1 . 3 1 )
w J J t 1 -  p 5 ' oir%
w h e r e ,  P
K ( t .  u )  = | s i n h  %  s i n h  ~ g  dg ( 2 i* 3 2 )
§22. Num erical s o lu t io n  o f  the in te g r a l equation .
In  th is  paragraph, we co n sid er  the num erical s o lu t io n  o f  the in te g r a l equation fo r  the 
problem o f the cy lin d e r  w ith  clamped w a l ls ,  and w ith  a crack o f  u n it  rad iu s developed in s id e
the m a ter ia l o f the c y l in d e r , on the p lane z = 0 . We take the in te g r a l equation  in  the form
g ( t )  -  j g(u ) K(u, t )  du = ~  t  (2 2 .1 )
Jo *
where K (u, t )  i s  exp ressed  in  the form below , and we have taken f(|« ) = 1
L - t |
d £  (22*2)r + %  v,cosh ”■/£, -  cosh  ——
c /
/ x 2 V 5 )K ( w ,  t )  =  /  — — ■
IT 2  C  J . x  ( 5 )
1
We must now compute the value of th is  k ern el fo r  a range o f va lu es o f u and t ,  and 
having done s o ,  to  num erically  in te g r a te  eq u ation  (2 2 .1 )  to  a sc e r ta in  the v a lu es  o f  g ( t )  fo r  
t  ranging from zero  to  one. We s h a l l  ta ck le  th is  problem in  two d is t in c t  ways. F i r s t ly
we s h a l l  app ly  an approximate i t e r a t iv e  procedure, by expanding the d iffe r e n c e  in  h yp erb olic
cosines appearing in  equation  ( 2 2 .2 ) .  Secondly we w i l l  apply a num erical in te g r a t io n  
procedure in  an attem pt to  ga in  ex a ct s o lu t io n s . We begin  w ith  the i t e r a t iv e  method.
(a) I t e r a t iv e  method.
In  eq u ation  (22*1) w r ite
g ( t )  - ~ h ( t )  . (2 2 .3 )
'TT
Then th e in te g r a l  equation  may be w r itte n  in  the sim pler form
k ( t )  - f  h(u)K (u, t )  du = t  (2 2 .4 )
J 0
where K (u, t )  i s  s t i l l  g iv e n  by equation  ( 2 2 .2 ) .
I f  we now express h ( t )  in  the fo llo w in g  way
00
h ( t )  = t  + hr ( t )  (2 2 .3 )
r=1
h ( t )  r v
r=o
where we have taken h ( t )  = t ,  and the h ( t )  are polynom ials in  t ,  we f in d ,  by s u b s t itu t io n  
in  equation  (2 2 .4 )  th a t we have d efin ed  the i t e r a t iv e  procedure fo r  the determ ination  o f  h ( t
h ( t )  = t
1
h ( t )  = f  h ^ (t) K (u  , t )d u  (2 2 .6 )
J 0
« e o o a » » « «  m « o o o o o o o e e o o e o o o v o o
hr+1( t ) = j hr ( t ) K (u j t ) d u  
J 0
O » * » * * O < > O « C O O O O O O « O O » 9 « 9 9 9  0 « 9 O
To proceed fu r th e r  we req u ire  to  f in d  an exp ressio n  fo r  the k ern e l K (u, t )  „ Expanding 
the d ifferen ce- in  h yp erb o lic  c o s in e s  in  the in te r io r  o f  the ex p ressio n  fo r  K (u, t )  ,  we f in d  
that
cosh  I ^ \ £  -  cosh £ = * g 2 + - 2- { u 3 t  + u t 3 ) ^
3c
+ — —  (3 u 5t  + lOu3 t 3 + 3u t 5 ) £ 6
180 c
2^702  c 8 
+ Q (c " 1 0 )
(u 7 t  + 7u 5t 3 + 7u 3t 5 + u t  7 ) I
Thus, we may exp ress K (u , t )  in  the form
K (u, t )  = oC,(u)t + o(^ (u)t3 + °^ (u )t  + Q^ujt"7 + ,
where
c*r(u) =
2 , 2uTi  u T4
TT c 1 0




uO^ . u3 T6
“* 7  + b +




~ uTfc us T? 
60c^ 3 6 0 c*
<tf7(u) =
2 u T g
7T c
g + • 0
_ 2 , 520c 8
e w r itte n
ii•H
E-i
/ t 6 u 
+ '
3c* 60 c 2 , 520c
+  o » e
k+ •
K ,(€ )  ,
O T  *
(22 .7)
(2 2 .8 )
(2 2 .9 )
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From th e form now taken by the fu n ctio n  K (u, t )  i t  fo llo w s  e a s i ly  th a t the fu n ction s  
h ( t )  may be w r itte n  in  the form
hr (t)  = P f . t  + P f  . t* + i f  . t + i f . t ? + .
i  .
(22 .10 )
where P^ i s  the c o e f f i c ie n t  o f  t  in  the exp ression  fo r  h ( t )
Suppose,  f o r  example , th a t c i s  s u f f i c ie n t ly  la rg e  to  enable us to  omit powers o f  t  
higher than the sev en th . The next i t e r a t io n  h ( t )  may then be ob tained  from equationX +1
(22. 10 ) where the new c o e f f i c ie n t s  w i l l  be determ ined in  th e fo llo w in g  manner,
P i +"* = J  [  u  + ^ 3  * ^  + ^s  • ^  + ^ 7  • u j ^ t u j d u ,  ( 2 2 .1 1 )o
In  the case  o f  h ( t )  ,  the i n i t i a l  v a lu e , we take
P* = 1 ,  P ±  = 0 , i   ^ 1 (22*12)
Then, to  f in d  the c o e f f ic ie n t s  o f su c c e ss iv e  it e r a t io n s  we need on ly  c a lc u la te  the
sixteen  q u a n t it ie s  >
as ,  r  = J  ™ ^ ( u ) ^  * b = 1 ,  3 ,  5 ,  7 ( 2 2 . 13 )
r  = 1 ,  3 ,  5 ,  7
Then the g e n e r a l term h^( t )  w i l l  be g iven  by
where
h r ( t )  =  P f  .  t  +  P 3  .  t *  +  P j  .  t S +  P f  .  t " 7
P f  =  a  . i f - 1  +  a ,  ,  P ? - 1  +  a ,  .  P f - 1  +  a ^  .  P ? - 1  i  1, 1 1 0,1 o £j± $ 7,i 7
(2 2 .1 4 )
We tab u la te  th e s ix te e n  q u a n tit ie s  a , where we takes .  r J
Tz = 2 .3 0 3 3 , 0 
= 3*7713, 9
Tfc = 23.431 
Tg = 302.29
U \ TT c
2T. T4 T,








Tf a. 5 c 2*
T4 Tt
+ -  + 1 +
T<
 21c4* 540ct' 27,720C
.2029 .0364 .0088 .0021
3 +  ^ + 7 + 9o c c c
A M ,  + aQ282 + .0072 + ...0019
1Y*c
2T<*  X4-
+   +
3Tfc
9c 33c4 780cb 37.
>1127 .0232 .0061 .0016——  + — ■—7 - + — —  + -----
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9'c 90c 2 ,520c




15c4 I26cfc 3,240C *
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27c4, 198c 4 ,680c
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90
(b) Numerical in te g r a t io n  o f the in te g r a l eq u ation .
We develop now a. num erical in te g r a tio n  procedure to  eva lu a te  the s o lu t io n  g ( t )  of the 
integral eq u ation  a t  a number o f poin ts*  The in te g r a l equation  i s  w r itten  as
g(<t) — 2—  [g (u )K (u , t )  du = — t  (22 .1? )
7T2 C  J 0  TT
oowhere now
K (u, t )  =
K fe )
1.
6  ^ ‘J'
U  + t  U  -  t
c o s h — ■------- g -  c o s h —  ■ —£ } 4  £ (22*20)
c o1  f e )
1
B efore we can in te g r a te  the equation ( 2 2 * 1 9 ) ,  we must f i r s t  o f  a l l  ev a lu a te  K (u, t )
at a number o f  v a lu es  o f  u and t»  Suppose th a t we wish to  f in d  the value at: ^the n p o in ts
t  =: t l  ,  ~t/Z ,  a « e jtfl
u. zs U.H  ^ 112  ^00.*
Then by the symmetry o f  K(u 3 t )  in  t  and u we need c a lc u la te  i t  on ly  a t  
points,* L et u s now w r ite
f°K (? ) r
H ( \ )  -  I— i —  cosh (Xg) -  1 dg (22*21)
so that , „ +
K (u ,  t )  = -  H (^-= -t) (2 2 .2 2 )
I f  the q u a n t it ie s  u  and t  are spaced  a t  the same in te r v a l then we require to  c a lc u la te  
H(l) a t  the 2 ” p o in ts
X  = o , U2 -  % . . .  V l .  ( 2 2 .2 3 )
O • c c •If we w r ite  the spacing o f  the m ru es o f u and t  as 6 ,  then we requ ire
X  = o ,  |  ~c f  6  ( 2 2 .5 2 4 )
The fu n c tio n s  g iv e n  by
K (€)
■ jcosh ~ i j  (22,25)
I  (€ )
1 . .
wsre ta b u la ted  sat in t e r v a ls  o f  ( . 05 ) from 0 to  5.1 and a t  in te r v a ls  o f  U 1 ) from 5-1 onwards,
In  the a c tu a l in te g r a t io n  i t  was d ec id e d ,to  use Weddle’ s  r u le  fo r  num erical in te g r a t io n
where
[  y  <3* = 5y i + y 2 + 6 7  1 + y 4 + 5ys + yJ  (2 2 .2 6 )
the y^ are the v a lu e s  o f  the ord in a tes fo r  x = x^»
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U sing th is  r u le  the values o f  H ( l ) requ ired  were computed and are shown in  Table A0 
from th is  ta b le  th e  va lu es o f K (u, t )  are e a s i ly  ca lcu la ted ,, I t  w i l l  be n o ticed  from the 
in teg ra tio n  form ula th a t each in te r v a l we w ish to  in te g r a te  over  i s  d iv id ed -in to  a m ultip le  
of s i x  d iv is io n s*  Because o f t h is  i t  wa& decided to  compute the k ern e l K(u, t )  over the  
ranges o f t  and u
t  r: 0 » VV „ _ 1J -12 »






















































































Sin ce we now-have the v a lu es o f  K (u, t )  fo r  a s p e c if ie d  value o f c ,  we may proceed  to  
the s o lu t io n  o f  the in te g r a l  equation„ -  We do t h is  by so lv in g  a s e t  „.of sim ultaneous equations 0 
Using the in te g r a t io n  formula (22*26) and equations (22 ,1 9 ) to geth er  w ith  the fa c t s  th a t  
g(o> a/'Q, K(6^' t )  K (u , O) 1  0 , we have1 °a 'se t'o ?  twelvd sim ultaneous equations where S#£e 
equation i s  g iv e n ; by
40 5S< )K ( u  >f - 2  > + ^ T 2  ^ i f  * + ^  )K( ^  * T2 >
+ g( ^  )-K ■( 12 » i f  ) +5g )K( + 2 s ( ^  M  J 2  » f z  )
+ 5g( ^  )K ( ^  * l 2  ) + g ^12 M  12 + r2
+ 8^ i f  ) K ( ' l f  » l f   ^+ 5 g ( ^ |) K (  $  » f | )  + g ( ^ f W  } §  )_ : -,■§*(22,27)7T 12
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These equations were so lv ed  fo r  the value c = 5/ 3 , The va lu es o f g ( t )  are shown in  
Table B and th e graph o f  g ( t )  in  F i g . (22*2) 0
The energy req u ired  to  form the crack i s  e a s i ly  computed u s in g  the in form ation  already  
ca lcu la ted . We have
Energy = 2w p [w(p)j z _Qdp
1
= -  v)  Jpdp J  g ( t ) d t  J  3  Jjip )  sin  7? t  dn
-  4?r(l -  v)  J  pdp j  g ( t )  / J t z  -  p^dt
On changing the order o f  in te g r a t io n , the in te g r a l reduces to
Energy = ^ ( l  v) I t  g ( t )  dt
Jo
Pr!om th e  g iv e n  ta b le  i t . i s .  e a s i ly  found  th a t the energy o f  the crack con sid ered  i s  thus 
Energy =? 2*9051 ( l
I
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c a lc u la te d  va lu es
0.8
s tr a ig h t  l i n e  approximation





Valu e s  o f the fu n ctio n  g ( t )
Fig 22.2
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IV A su g g estio n  fo r  an approximate approach to  the crack problem,
§23 - I n th is  paragraph, we con sid er  the problem d escrib ed  in  7? but we now take the
radius o f  the c y lin d e r  to  be ±  and the radius o f the crack to  be c ,
I f  the va lu e o f  c i s  sm all compared to  1 , the radius o f  the c y lin d e r , then the problem
reduces to  th a t o f a crack o f rad ius c p laced  in  an in f i n i t e  medium, as fa r  as the s tr e s s e s  
and d isp lacem ents induced in  the m ateria l are concerned. This problem has been so lv ed  by 
Sneddon (  • We s h a l l  attem pt to  d iscu ss  the case  when c i s  o f  the order o f .5  to  .8
of the rad iu s o f the c y lin d e r . We s h a ll  pay p a r tic u la r  a tte n t io n  to  the s tr e s s e s  in  the 
immediate v ic in i t y  o f the crack s in c e  t h is  i s  where most in t e r e s t  i s  fo c u sse d 0
The method which we s h a l l  u se  i s  an approximate one. We see  from equation  ( i  7 * 0  th at  
the s tr e s s e s  normal and ta n g e n tia l to  the w a ll o f  the cy lin d er  should  be zer o . We s h a ll  
start w ith  a s o lu t io n  fo r  which th is  i s  not tr u e , but fo r  which the co n d ition s on the plane
z = 0 are s a t i s f i e d .  We s h a l l  then attem pt to  introduce s u ita b le  fo r c e s ,  such th a t the
■boundary co n d itio n s  on the p lane z = G, w i l l  remain u n a ltered  to  any se r iou s degree and which 
w ill can cel out the fo r c e s  oh the cy lin d er  w a ll .  I f  we can do th is  then we may add the two 
so lu tions to  g iv e  us a com pletsisolution  o f the problem, as shown diagram m atically.
<j -  con stan t  
2 rC—*






s k  a - f ( z )
d





=• con stantI '
f ~ --------- n
1
C l
with a > i .
Any system  o f fo r c e s  which we choose to  apply must s a t i s f y  the two co n d itio n s
(a) th a t i t  w i l l  l i e  ou tsid e  the c y lin d e r , so  th a t we may con sid er  the fo rce  as an 
imaginary or v ir tu a l  one.
(b) th a t i t  w i l l  be sym m etrical, s in c e  the s tr e s s e s  on the cy lin d e r  w a lls  w i l l  b e .
The s im p le s t  type o f  s u ita b le  fo rce  would then be a r in g  fo rce  w ith  rad iu s g rea ter  than  
^ t y ,  a t  a s u ita b le  d ista n ce  from the plane z = 0 , and w ith  a su ita b le  magnitude. F u rth er, 
since we w ish  to  m aintain  our co n d itio n s  on the plane z = 0 , i t  su ggests  th a t i f  we p la ce  a 
force a t a h e ig h t  h above the p lane z = 0 ,  then we should p lace  one a t  an equal d ista n ce  below
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the p lan e. The type o f system  o f  fo rces  we should  then co n sid er  are as shown.
We se e  then th a t we have th ree  parameters w ith  which to  work, the radius o f the r in gs
Sij, 9 the h e ig h t from p lane z = 0 , b^ . and the magnitude o f the fo r c e s  P^_.„ To proceed fu rth er
we must
( i )  F ind  the r e s id u a l s tr e s s e s  on the c y lin d e r  w a lls  from whichever s o lu t io n  we ta k e0
( i i )  C a lcu la te  the va lu es o f  a . r  4w on plane z = 0 due to  the fo r c e s .z s p z*
( i i i )  C a lcu la te  the va lu es o f a . r on the cy lin d er  p = 1 due to  the fo r c e s .
P P z
L et us suppose th a t i t  i s  p o ss ib le  to  f in d  ring  fo rce s  as described  such th a t the 
conditions on z = 0 are n ot g r e a t ly  a ffe c te d . Further l e t  us suppose th at we have taken  
a so lu tio n  which su p p lie s  the approximate so lu t io n  z = 0 .
L et us con sid er  the value o f the r e s id u a l s tr e s s e s  on the w all o f the cy lin d er  p  = A a t ,  
say, n p o in ts  g iv en  by the n values o f z
z, = z. n.
If we denote the value o f  th e  r a d ia l s t r e s s  a t  the p o in t z , by <j and s im ila r ly  l e t  r
k  p p z
te the va lu e  o f the shear s t r e s s  a t  the same p o in t. Then we w i l l  have 2n q u a n tit ie s  which 
we wish to  reduce to  zero  v iz .
p z 9 p z 9 pz
cr
as i l lu s t r a t e d .
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Suppose now, th a t we take a s e t  o f  r in g  forces*  L et us take the p a ir  o f r in g s o f radius
a and a t  h e ig h t  h ,  from p lane z =0* L et us take the magnitude to  he P , * We s h a ll  leave
3 , u s t
the a c tu a l s i z e  o f  the fo rce  P . a rb itrary  fo r  the moment and proceed to  c a lc u la te  the
P *p z
quantities — - and due to  th is  par t ic u la r  s e t  o f r in g s  * Suppose th a t a t  the pairr
s t  s t  / N
z , th is  s e t  g iv e s  r i s e  to  a r a d ia l s t r e s s - — = and l e t  us denote th is  hy o , (k ) » S im ila r ly
K -q  S  "t
Ps t
we denote the corresponding shear s tr e s s  a t  the same p o in t 'fey 7* t ( k) * Then, a t  the p o in ts  
so* zn on the c y lin d e r  p = 1 ,  we s h a ll  g e t  valued o f  the r a d ia l and shear s t r e s s  component
Ps t  as t^ 1  ^ + P s t as t^ 2  ^ 090 9 Ps t  ^ s t ^
Ps t  Tst^ 1  ^ J 9 Ps t  7s t ^
Suppose now th a t we s e t  up 2n s e t s  o f  r in gs l ik e  th is*  We s h a ll  then oh ta in  2 n a rb itra ry  
constants P^_. w ith  which to  reduce the r e su lta n t  s t r e s s  a t  any p o in t to  zero* We s h a l l  then  
formulate the 2n sim ultaneous equations as. fo llo w s  0
Z X  p±o a i j ( k )  + ap = °
1 A
, P.  • T j *(k J + T'n-J a-0 Pz
3
where P„ „ i s  the magnitude o f the fo rce  corresponding to  the s e t  o f  r in g s o f rad ius a , and n. j
distance from the z = 0 plane equal to  fe .*
3
Having so lv e d  th ese  equations fo r  the P^^ we can redeterm ine the value o f  a  ^ on z = 0 o 
We can determ ine the degree to which we have approximated "by con sid erin g  whether a  ^ i s  s t i l l  
constant over th e a rea  o f  the crack0 We can a lso  r e c a lc u la te  the r a d ia l and shear s t r e s s e s
the c y l in d e r  p -  and ensure th at we have zero s t r e s s  there 0
In  the above argument we assumed that a t  each p o in t z .^ the va lu es o f the r a d ia l s t r e s s  
and sh ea r  s t r e s s  Tp* were required* In fa c t  we o dul'd use the value o f o^ a t  p o in ts
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Zj|, z2 , . . .  , z k  s a y ,  and the va lu es o f  X ^  a t  zfc+1 , . . .  , zn «
§ 21 Ring F o r c e s .
We s h a l l  co n sid er  the e f f e c t s  on displacem ents and s tr e s s e s  in  an in f in i t e  medium of 
two r ing  fo r c e s  o f  rad iu s a and p laced  sym m etrically w ith  resp ec t to  the plane z = 0 a t  h eigh ts  
J h  r e s p e c t iv e ly . the s itu a t io n  i s  then as shown.
Since we have symmetry, we can choose axes ( p , 0 , z ) w ith the z axis, coincid ing  
with the avia o f symmetry* The four non vanishing components o f s tr e s s  a ,l<j. , o , t  ,p <p z  p  Z-
are then r e la te d  to  the displacements u^  and u  ^ by the equations
3u u 3u
( a. , ^  , a ) = (,52 -  2)A + 2( > ( W . l )Tp > u4> ’ u z  '  ~ ^  T ' 9p
1 3u 
Tp z  I d Z  + 9p
3z
( 2 1 *2 )
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where th e d ila ta t io n  A i s  g iven  by 3u„ 0u u
& = ~ ^ + J 7 + ~ f  ^ 4 . 3 )
j9 2 i s  a c o n sta n t, "which i s  d im ension less and in  our c a lc u la t io n s  w i l l  he taken to  be 3*
This corresponds to  the ca se  \  = \i ,  i . e .  to  v -  i*
The eq u ation s o f equ ilibrium  may be w r itte n  in  the form
3 <7 3r a — a ,
—  + oWp = 0 (2 4 .4 )
3 t  3 a t
~ a f  + ~dz + ~ f T '  + a = 0 (2 4 .5 )
where we have taken F^ and. F^ to  be the body fo r c e s  a c tin g  in  the p and z d ir e c t io n s
r e sp e c t iv e ly , o i s  the body d e n s ity . The equations have been w r itten  in  the form to
conform w ith  the s o lu t io n s  g iven  to  problems o f t h is  type by Eason, F u lton  and Sneddon
The problem of choosing the values o f F^ and F^ now p resen ts  i t s e l f .  We must have
symmetry about the p lane z = 0 to  d isturb  co n d itio n s on z = 0 as l i t t l e  as p o s s ib le  and we
must have F . . F in  the form o f d e lta  fu n ction s to  equate them to  r in g  fo r c e s .P * z
Choose F .  = 0 ,  and w r ite  F = Z , where we w rite  P 9 z *
Z = ^  f (  p , z) (24«6)
The problem as tr e a te d  by Eason, F u lton  and Sneddon i s  form ulated in  terms o f F ou rier  and 
Hankel transform s. We thus d efin e
f (  £  » fc ) = fJ z :  I  e1  ^ z d z /* p f (  p ,  Z ) j  (g p )  d p  (£ 4 .7 )
v^TF ./-co J 0 0 ’
In  the theory  quoted in  the above paper, Z i s  a time dependent fo rce  and so  we must
remember when s u b s t itu t in g  in  the equations there th a t
+00
2 U  ,  P , r ) = - ^ r  e i w T Z(  g ,  p ) d r// 2 IT J -00
= H  5  ,"S ) £ ( « )  (2 4 . 8 )
since ^ 1 /  7 d r  = /|/2 w S (w ) (24*9)
Withf th e in form ation  g iv en  in  ( 2 4 .6 ) . . . ( 2 4 .8 )  we so lv e  the equations (2 4 .4 )  and 
(24*5) fo llo w in g  E ason , F u lto n  and Sneddon. These authors g iv e  the fo llo w in g  so lu t io n s
1 0 0
in the ca se  when F = Z = l / g  f (  p , z)
(£ 2 -  1) f 00 
t / T ?  (3
1
UP =
Uz " / / 2 v  P 2 * - ~
. w “i^ 2i 5  e d £
e~i ? z  a » ,
( S 2 + f  2) 2
-  ? ( /3 2 g 2 + * 2) j  ( ? p ) 7 (  5 , f )
--- ‘ ■ ■ • • ' ■— _■
( s 2 + * y
ia , . 1 0 )
a s  (2 4 .1 1 )




//2 lr j9  
H
1 r
*» ■ ' I i 5 e
7 / 3*  J




2 2 7a € (2 4 .1 2 )
/ /2nj3
-  ( /32 -  1) 
— — ------
P /5 2
as f g2 J»uP)C^ g2 - - 2)s3
J o  ( S 2 * ?  2)  2 2 2 f ' 1 >
00
. « - iC  z -j wi 5 e  dT
f s 2j , ( s />) f (
O
—  f ‘'n B z J .
- 0 0
l ? e - iS ' Z dS"
( g 2 + s z) 2
d 5
j * g Q ff2 -  2 )? ' - / ? 2g { ]  j 0 (g p )  f ( f , f )
V 2 7 /S2 j ,  ■* ( g 2 + ^ 2) 2
Now l e t  us choose the p a r tic u la r  form o f  f (  p  ,  z)
d£ (:2 M 4 )
so th a t
f (  p , z ) = 8 (p  -  a) ^ 6 (2  -  h) -  6 (2  + h)fj (2 415 )
f ( 5 ’ 5 )  = - ^ 7 I  J . ( 5 a ) [ e i C l t - e - i S h ] (24-16)
B efore proceeding any fu r th e r , i t  would be as w e ll to  eva lu a te  a few  in te g r a ls  which 
w ill be needed. A lso  we need to  d efin e  a few  term s.
L et &. = z -  h
<p = z + h
e6 =
M  J
(2 4 . 1 7 )
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w h e r e
Thus. ; 
while
The in te g r a ls  "which we w i l l  requ ire are then g iven  by
, - 5 | e |
•oo —i0§"n ,(e) = I --
» 5 2 + 5 2
= 7t sgn d e
n 2 ( e )  = g ‘ / «
n .(e) =5
 = j l . %6 e
-°° ( € 2 + § 2) 2
N
- 00 ( g 2 + S 2)
o<4(e)=g3 J
d =  tt e
6 a S  = —  (1 + g | e |  ) e~5 l e l
( S 2 + S 2) 2
( 2 4 . 1 8 )
(2 4 .1 9 )
( 2 4 . 2 0 )  
(24 . 2-0
The q u a n tit ie s  in  which we are in te r e s te d  may now be c a lc u la te d .  
= u _ = - £w
I  =
J o 5  J c ( « f }  V 5 a )  - 1 ,  • d g
( e i?f| -  e - i5 lv  + d ?
( € 2 + < 2)*
(
- i £ 0  - i *-  e ■*) -1— -  + (/32 -  1 ) g 2,
( g 2+ « 2) ' " ( g 2 +«52) 2
= y [ N 3 (®) - K 3 ^ ) ]  + " ^ Y _L) [ V 9) “  N4 ^ ) ]
= -§■ [ ( e 5 1®! + g | e |  ) e 5 l®l -  (1 + g | * |  ) e^ M
w - ( / 3 2 +  1 )  +  ( / 3 2 -  1 ) 5 I © I
•r/©l
-  £  ( / 3 2 +  1 )  +  ( / 9 2 - l ) g j * |  ! d r .
r =  Q , on z = Q (2 4 .2 2 )
= - ^ T t j  €  J0 ( €^>)J0 (€ a )  [(/9  2 sgn 0 + (jS 2 -  l ) g  0 ) “ ^1®1
- ( / 3 2 s g n 0  +  ( /9 2 - l ) g 0 ) e “ ^ l j  d g  ( 2 4 . 2 3 )
PZ 4 7T/9
E -  f g j ^ f f i  ) j , ( g a )  f ( l  + (/3 2 -  l ) g | e |  ) e " 5 '®l ••
I  13 ^  I |
-(1 + (/32- 1) |</>J )e“^ *  J dg ( 24‘2V)
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a n d
„ = -  ~ £  J , ( ? p ) J 0( g a )  f e e - 5  l®l * e " ? |
r ), •& Rz J o i__4  IT /?" * 0
. J L
1+ V P*
« J „(«  P )J „ (5 a ) ( P ‘  -  2 )sg n 0 -  (/3s _  1) 50  J e- 5 ^
-  j^(02 -  2)sgn£ -  (/92 -  l)g<£ j  e - ^ l ]  d g  (-24.25)
These are the gen era l s t r e s s e s  and displacem ents throughout the body. We now wish to  
make a c lo s e r  exam ination o f them on the plane z = 0 and on the cy lin d e r  p = 1 .  On z = 0 ,
W = Tp z  = 0
z 2 4 - J  5 J  ( € p ) J  ( g a ) j ^ 2 + (/32 -  l ) ? l T | e " 5 h  d ga =
( 2 4 . 26 )
( 24 . 27)
and on p = 1 
P
4 * £ s
£ j ( g )  J0 ( ? a )  £ ( 1  + ( p z -  1) g | d| J  e “ € l 0 l
- [ 1  + (/52 - l ) l < M ] e - S W  J J (24-.29)
= _ i £ ^ o p  r g J i ( 5 ) J o ( ? a ) r e e -5 i® i .  a e
4  77)3 J  0
I ? J  ( 5)  J  ( € a )  F [ ( / 32 -  2) a g n 9 -  ( /32 -  1 )  £0 ]  e ~ ^  ®l
4 tt /3 2 Jo ° 0  I  J
-  f (  /32 -  2) s g n  <f> -  ( / 32 -  l ) g < ) > l  e ^ J d g (24- 29)
Now change the v a r ia b le  from g to  ( g a) and w rite  the in te g r a ls
J  (p> q) = I s H J  ( s t o )  J  ( s ) e ~ q-S ds u ,  v xjr* / v J 0 (24*30')
Then our c o n d it io n s  become; On z = Os





while on p ~ 1 0
„  _  _ o ? 2 - 1
4 ir £ 2 a 2
*E
4  ?r/?2 a 2
9 J  ( 1  
i - r  a
?2 -  2 ) sgn 6 J  ( A.
i ; o v a 5 a - ( / 52 - l ) ^ J  ( 1 ^ - l i l )a 2^ov a J « *
*P
r 2„ 24^/5  a
-  ( § z  -  2 ) s g n 0  J  o ( 1
1  J i L
a »
Ji .  /  a *  ^ " (P* ~ 1 )
+ (/S2 - l ) 2 . J  (
a 2 ^o a ?i . J±L i*l (2 4 .3 2 :
j  ( i  - L d _ f ]
a 2  ^ 1' a * a ' | ( 2 4 .3 3 :
As an example o f  the type o f  curves ohtaiined we draw graphs o f  a and T fo r  the valu
P pz
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where we have w r it te n  r ^ T ? 1 f o r  4w/5l2r^z /  P and 4?TP&p/ ^ r e sp e c tiv e ly ,
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V alues o f T  « fo r  a = 1 .5 ,  h = .1 , and .3
L  . t z i .
7  p ,
h=.1





where we have w r it te n  p = p / c , 5  = 2/ c  and cj", S™ denote the in te g r a ls
f*00
n m /  - C 7? /  \
n = J ^  e J mC P 3 n J gos.7i dr} ( 2 5 7^ )
/•OQ
S n =  /  * 77 J m(  P » V )  s in  77. d  77 ( 2 5 * 8 )
•» 0
which can he ev a lu a ted  as shown in  the paper*
The va lu es  o f ap / ^ Q and 7  p z ^ 0  are g iven  as. fo llo w s  j. in  the case  o f o = 0 62.5<
i » t a • 0*0 0,125 0 ,250 0.375 0 .5 0 0 0,625 0.750 0.875 4J.0 1.125- 1 .2 5 0 1.675
1 0 0 0 0
0 0 ,0 7 2 0,005 -0 ,0 4 3 -0 ,0 5 4 -0 ,0 5 4 -0 .0 4 8 -0 .0 3 9 - 0 .0 3 2 -0 .0 2 4 -0 .0 1 8
........
- 0 ,0 0 5
...... .....
z 0 ,0 . 0 .1 2 5 0 O' K> O ,0 ,375  0 ,5 0 0  0,625 0 .750  0 ,875 1 .0  1 ,125  12250 1,875  |
!
I f °
. 0 ,0 0*030 0 ,020 -0 .006 -0*029 -0*046 -0*047 -0*048 -0 .0 4 4  -0*040 -0 ,035 -Qp017
Having determ ined th ese  cu rves, the id ea  o f the su g g ested ®  thod i s  to  so lv e  the 
equations g iv en  in  ^ 23 u sin g  the va lu es o f a number o f curves s im ila r  to  those g iven  a t  the  
end o f § 2 4 , T his has n ot y e t  been ca rr ied  out*
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§ 2 5 ^  S o lu tio n  fo r  a QTa.dk. in  an in f in i t e  medium®
- We take the s o lu t io n  given  'by Sneddon (  H 416 ') fo r  a penny shaped crackc, s im ila r  to  
that d escr ib ed  in  th e l a s t  paragraph^ o f radius c ly in g  in  an in f i n i t e  medium0 For a crack: 
of t h is  shape c y l in d r ic a l  co -o rd in a tes  ( p 7 <p $ z )  were employed s in c e  th ere i s  symmetry 
about th e z  a x is  0 In  th is  co -ord in a te  system  the displacem ent v ec to r  may be w r itte n  as 
( Up j 0 ? uz ) the s t r e s s  in  the in t e r io r  o f thermedium w i l l  be com pletely  s p e c if ie d  
by the fo u r  s t r e s s  components 3 ^  s ° z } Tp z  s -**nG6 the rem aining components are
id e n t ic a l ly  zero®
The s t r e s s  produced in  th e neighbourhood, o f the crack i s  the same as  th a t produced in  a 
s e m i- in f in ite  medium by the boundary co n d itio n s
TP z
a
12 ~ 0 z
f o r  a l l  p
0  ^ p < G
c  < P <  CO
on z = 0 (2 5 .1 )
I f  we take p ( P1) -  p 3 a co n stan t we see  th a t on z = 0 , we have the con d ition s we
require fo r  the problem s ta te d  in  § 1 7 .  However ©n the c y l in d r ic a l  su rfa ce  p = 1 v we s h a l l  
find  f i n i t e  values, o f  the r a d ia l and shear stress®  I f  we fo llo w  through the problem as t r e a t ­
ed, by Sneddon f o r  a co n stan t in te r n a l pressure we f in d  the fo llo w ir ^  so lu t io n
P w (/?2 -  1)
o 2
- P 0 C ^
» (/32 -  1)
u
® 8 2 -  1 
( 1
p z
V  d s in  7]
C n I —  ( ) e K  J  ( P^  9  r? ) dr?
/ d r ?  rj
d s in  77 -
) _ ,  ( _ _  ) e" j  ( p 77 ) d 77
_ & £ dr? 7]
( 25 . 2 )
( 25 . 3 )





c ° (  p, ,  £ ) -  S®( pt , £ ) + 5 < f (  ,  £ ) -  C s f (  pt  ,  £ )
¥ ®2 ( s £ ) ~ ^  ? £
P* I 3/5* -  4
( 2.5 . 4 )
(2 5 .5 )
+  £  [ ° 2 (  p , . »  £  )  
+  s > ,  » £  > ]
s ! (  p. ,  £ ) -  0 ' £ ) + s ! (  p . . £ ) -  o ° (  p ,  £ )
( 2 5 . 6 )
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In  the p rev iou s paragraphs we have made use o f the in te g r a ls  J  (p , q) fo r  values
of /u = 1 , 2 and v = 0 ,  'I fo r  a range o f  va lu es o f  (p , q) where
POO
J n 11, ^  = J s  ^ J v  ( s p ) j 0 ( s ) e “qs ds ’(26,o l)
The in te g r a l g iv e n  by equation  (2 6 .1 )  i s  a p a r t ic u la r  qase o f in te g r a ls  o f  the type
/»oo
I (  ^ , p , \ )  = J ( a t ) j  (b t ) e ”c t t ^ d t  (2 6 , 2 )
J 0
considered  by Eason, N ob le , and Sneddon ( l?-T6' J . S ince we are concerned on ly  w ith  the  
sim pler form o f  in te g r a l (2 6 .1 )  and s in c e  we req u ire jnany more values o f the parameters than 
are g iv en  by Eason,. N oble, and Sneddon i t  would seem as w e ll to  stream line th e ir  method fo r  
th is  p a r t ic u la r  problem.
For the va lu es o f  // and p we req u ire , the in te g r a l ( 2 6.1 ) converges,. F o llow ing  
Eason, N oble, and Sneddon we make a transform ation o f J } (p , q) in  the fo llo w in g  way.
Write
\ “  T) 00
j  (R) ( k - A s i t  ] \  J  (A)J (B )ei ”1® (2 6 .3 )
71 \  A -  Be }  L j  V*m m
where R 2 = A 2 + B 2 -  2AB cos 6  = (A ~ Be ^  ) (A -  B e+^^). (Watson, 1944* p .3 5 9 ).
S in ce 77 i s  to  be taken as in te g r a l ,  th ere are no r e s t r ic t io n s .
I f  we now m u ltip ly  numerator and denominator o f the fr a c t io n  on the l e f t  o f  equation  
(£6.3) by (A “ Be ) ,  m u ltip ly  both  s id e s  by e and in te g r a te  w ith  resp ec t to  Q from
0 to  2 7T we have
J (A)J .(B ) = —  J ?  f  (A -  Be"1 ®)71 e _ in  ® a s  '(26„A)
V*n n w t/Vj Jo  E
I f  we now w r ite  A = s p , B = s ,  n = 0 , 77 = v we f in d  th a t
,ir J „ (r s )
J v (pS)J  ( s )  = 1  7? /
v 0 TT J 0 r
((2 6 . 5 )
where now r 2 = p 2 + 1 -  2p  cos Q •
I f  we now s u b s t itu te  in to  equation  (&6.1) from equation  (2 6 . 3 ) we have
\ , ( p .  j  - r
■;iio
Further the in n er  in te g r a l  may he eva luated  from Watson ( I*?4 ^  .
( V  J ( r s )  e- ’13 da = ( m  v + 0  p  ( % _ ± J > _ ± A  ,  ZJ  v + 2 ; y ^ ;  - f  W . - t f
V q ^ 1l* ( v + 0  2 1 I 2 2 qZJ
j:
On s u b s t itu t in g  fpDm equation  (2 6 .7 )  in to  equation (2 6.,6) and rearranging the terms we have
. I ' * *  $  k - « . < > - < ) »  < * *
Before proceeding fu r th e r , i t  i s  as w e ll to  note se v e r a l r e s u lt s  which we s h a l l  need in  
the e v a lu a tio n  o f the in te g r a ls  we req u ire . With the u sual n o ta tio n  fo r  e l l i p t i c  in te g r a ls  o f  
th£ f i r s t  and second k inds we may w rite
= f  r f - 1  B ( a ,  * )  A ( * ) d *  (? 6 .9 )
2 —where* A (^ ) = ( l  -  k s in  ) 2 and k = s in  a .
We are in te r e s t e d  on ly  in  the case  where <p = t t / 2 ,  i . e .  the complete e l l i p t i c  in te g r a ls  
We now l i s t  r e s u l t s  we s h a l l  req u ir e .
^  " ’ . . .  ~ z  J k ' 2 = 1  _ : f c 2  ( 26.K
-  k s in  iff ) ' " k*
r / 2  . .  s t f f  ------------ = b . -  y .»  j  ,l t
«/ O /  A — 2 s i n 2  ;lr ^ V 2  V*  2
0
2 . 2 \ 3/2
s ~ ’ 2 ’
s in 2 $ d $ E — k 12 F
(1 -  k  s i  ] 3 ^ 2 k  k 1 
dfc 1
(1
- k 2 s in  2 (4) 3 /2
cm'''"1T-
11r
s in  2 & dtfi E -  F ,
0 -  k 2 s i n V ) 3/2
cmMCM%
II
we s h a ll  w r ite
2 w ith  k < 1 .
f   ------------^ ---------------- ■=— - — -  ( 4 E -  f )  ( 2 6 .1 2
; »  A i n *) 8 3(1 - k 2)
y 2 2B  
3 k ’ 4
(2 6 .1 3 )
( p + 1 ) 2 + q 2
We now ev a lu a te  the in te g r a ls  J  „(p, q ) ,  J  „(p, q ) ,  J  (p» q ) ,  J  (p ,  q ) . We s t a r t  w ith
T ,  J.  2  J 0  1 9 1 2
1 0v P j  < l ) ,  w i t h  / i  = 1 , v “ -  0.7
,  r*
J (p* <i ) = / 2f ; ( i i  3/ i  ; i s  -  r2A 2 ) a s
* K q io
1fli'
v  d0
7T q2 J o (1 + r 2/  q2 )3 /2
i 3 /2  , , 24  xrp k*
• B ( k )  (26*15)
since r 2 = p 2 + 1  - 2 p  cos 0.
J  ■ '(p . q) = [  y  ( 3 / 2 ,  2 } u  -  —  ) J e .
tr<f J O 21  q 2
Using the f a c t  th a t
( 1 (*- *7  ) *  ( 3/2  , 2 ; i i  -  ^  ) = (1 -  ^-7 )(1 + ^7  ) '*  ( 26 , 16 )
q q 2q q
( E r d e ly i ,  V0 I . 1 ) .  
iife h a v e
J ( p , q) = -------------  (> E  -  p )  -2 ,0
1 6wp 3/,2k' 2 4 ^ p 3/2  k 1 2
• E(k) .
Now tak ing /u = 'I , v = 1 we f in d  th a t
J S1( P ,  q) = - ^  £  j  ( p -  e " 1 ® ) / / 3 / a ,  2 j  2 ,  - )ae
(26 . 17 )
_ _ ! —  r  (p  -  c o s e )
2 /  2 \3  /  2
de
^  /  /  /  V^ Q. « ' o ( l + r / q )
4  7 T p 3 /2
B(k ) _ ^E(k ) _ k .*P (k )')
k ’ k \ ’
(26*18)
and f in a l l y  w ith  (u = 2 , v = 1 , we have
J ( p ,  q) =2 9 1 it q
7T
( p -  e 1 2 ^ ( 2 ,  3 / 2  ; 2» -  ~  )d 0
/•it
-2 L .  f ( P  -
7T q 4  J  o ( l  +  r 2 /
q k 5 ( p  +  1 )
16 w p 3 / 2 k* 2 k2k * 2
:^ ( k ) ~ F ( k ^ g | ( 2 M 9 )
1 1 2
We s h a l l  c a lc u la te  the va lu es o f J  ^ (p , q) fo r  /lz = 1 , 2  and v = 0 , 1 fo r  ranges
of va lu es o f p = .025  ( . 025 ) *5, and. q = .025 ( . 025 ) .5 .  Th.e f i r s t  column in  the  
follow ing ta b le s  g iv e s  the va lu es o f p ,  the second the va lu es o f  q , the th ir d  the values  
of J , the fou rth  the va lu es o f J  , and the f i f t h  the va lu es o f ,
c. I  ^I 9 *
i









































-0 .9987  
- 1 0OO3 O 
-1 .0 1 0 2  
-1 .0 2 0 4  
-1 .0336  
- 1 . 0501 
H .0699  
-1 .0935  
-1.12.11  
-1.1531  
-1 .1900  
- 1 .2 3 2 2  
-1 .2805  
-1 .3 3 5 8  
-1 .3988  
-1 .4710  
-1 .5537  
-1 .6 4 8 7  
-1 .7582
-108852
- 0 .0 1 2 5  
- 0 .0 2 5 0  
- 0 .0376  
- 0 .0 5 0 4  
- 0 .0 6 3 4  
- 0 .0 7 6 7  
- 0 .0903  
- 0 .1 0 4 4
-0o1189
- 0 .1 3 4 0  
-0 .1497  
—0.1662  
- 0 .1835
-0 .2 0 1 9  
—0.2214  
- 0.2422 
-0 .2645  
—0.288.6 
-0 .3 1 4 7  
-0 .3432
- 0 .0079 
-0 .0162  
- 0 .0 2 5 0  
-0 .0345  
-0 .0147  
- 0 .0 5 6 0  
-0 .0685  
-0 .0 8 2 4  
- 0.0982 
-0 .1162  
-0 .1 3 7 0  
- 0 . 1611 
-0 .1893
-O.2 2 2 7















































-0 .9907  
-0 .9953  





- 1 .O863 
- 1.1138 
-1 .1456  
-1 .1822  
-1 .2242  
- 1.2721 
- 1 .3268 
-1 .3892  
-1 .4605  
-1.5421  
-1 o6339 
-1 .7438  
-1 .8687
-0 .0 1 2 4  
- 0.0248 




-0 .0 8 9 5  
- 0 .1  034 
-0 .1 1 7 8  












-0 .0323  
-0 .0 4 9 7  
-0 .0685  
-0 .0888  
- 0.1111 
-0 .1359  
-0 .1635  
-0 .1948  
-0 .2305  
- 0.2716 
-0 .3 1 9 2  
-0 .3 7 5 0  
-0 .4 4 0 8  
-0 .5192  
-0 .6 1 3 4  
-0*7275  





«p25 +0.0745 -0 .9 7 7 4 - 0 .0122 -0 .0234
.050 +0.0748 -0 .9825 -0 .0 2 4 4 -0.0478
.075 +0.0753 -0 .9903 -O.O368 -0 .0737
.100 +0.0760 -i'^0008 • -0*0493 -0 .1015
.125 +0,0770 -1 .0144 -0 .0620 -0 ,1316
.150 +0.0782 -1 .0310 —0 ,0 7 4 9 —0 ,1646
.175 +0.0797 -1.0509 -0 .0882 -0 .2012
.200 +0.0814 - 1 .0744 -0 .1019 -0.2421
.225 +0.0834 -1 .1017 - 0 .1 1 6 0 -0.2883'
. 2-50 +0.0857 -1 .1333 -0 .1306 -0 .3409
.275 +0.0884 -1 .1695 -0 .1458 ->0.4014
.3 0 0 +0.0915 -1,21.09. -O il 617 -0 .4715
.325 +0.0950 -1.2581 -0 .1785 -0 .5535
.350 +0.0991 -1 ,3120 - 0.1961 -0 ,6 5 0 0
*375 +0 .1 0 3 6 -1 .3733 -0 .2148 -0 .7648
,.400 +0.1089 -1 .4433 - 0 .2346 -0 .9024
.425 +0.1149 - 1 .5232 -0 .2558 —1 .0688
.450 +0.1217 - 1 .6148 -0 .2786 - 1.2721
.475 +0.1296 - 1.7201 - 0 .3032 -1 .5229
.5 0 0 +0.1387 - -1 .8417 -0 .3298 -108356
q = o075
.025 +0,0987 -0,9591 - 0 ,0 1 2 0 - 0 .0 3 0 7
.050 +0.0991 -O .9648 - 0 .0 2 4 0 -0,062.7
.075 +0.0997 -0,9731 - 0^0361 - 0 .0967
.1 0 0 +0.1007 -0 .9 8 4 0 -0 .0483 -0,1331
.125 +0.1020 -0 .9978 -0 .0607 - 0 .1725
,150 +0 .1 0 3 5 -1 .©146 -0 .0 7 3 4 -0 .2157
.175 +0.1054 -1 .0346 -O.O864 -0 .2635
.200 +0.1077 -1 .0579 -0 .0997 -0 .3170
.225 +0 .1 1 0 3 -1 .0850 -0 .1135 -0 .3 7 7 2
.250 +0 .1 1 3 4 -1.11^62 -0 .1277 -0 ,4458
.275 +0 .1 1 6 9 -1 A 0 V9 -0 .1425 -0 .5 2 4 4
,3 0 0 +0 .1209 -1.4-926 -0 .1579 “0 06 i54
.325 -*0,1255 -1 .2389 —0.1741 -0 ,7215
.350 +0.1307 - 1 .2946 -0.1911 —0 ,8463
.375 +0.1367 -1 .3515 -0.2091 -0 .9943
.400 +0.1435 -1 4-196 -0 .2282 -1 .1712
.425 +0.1512 “1 4973 -0 .2485 -1 .3 8 4 7
.450 +0 .1 6 0 0 -1 .9864 -0 .2702 -1 .6 4 4 4
.475 +0.1702 - 106878) -0 .2935 - 1 ,9 6 3 6












































-0 .9425  
-0 .9514  




-1 .0372  
- 1.0640 
- 1 .0947  








- 1 .6477  
“1.7594
-0 .0 1 1 7





















-0 .1183  
- 0.1628 
- 0.2110 
-0 .2 6 3 7  
- 0.3220 
-0 .3870  
- 0.4602 
-0 .5 4 0 4  
-0 .6386  
-0 .7485  


















































-0 .9159  
-0 .9256  
-0*9376  
-0.9521  
-0 .9692  

























-0 ,0113  





=0 .0813  
-0 .0938  
=0.1066 
- 0 .1 1 9 8  
-0 .1 3 3 4  
-0 .1476
- 0.1623




















- 1 o l872
-1 .3894  





.0 2 5 +0 ,1675 -0 .8770 -0 .0109
.0 5 0 +0.1681 -0 .8 8 5 4  - - 0 .0218
.075 +0 ,1 6 9 2 -0 .8959 +0,0328
o100 +0 .1708 -0 .9085 -0 .0439
.125 +0 .1728 -O .9 2 3 4 -0 .0551 ,
.150 +0.1753 -0 .9409 - 0 . 0666',
.175 +0.1784 - 0 .9 6 1 0 - 0 .P 782 .
.2 0 0 +O.1819 -0 .9839 -0 ^ 9 0 1
+0ft&6l - 1.0101 - 0.1023
•§4o +0.1910 -1*0397 -0 .1149
.275 4O.1965 - 1 .0731 - 0 .1278
.300 +0.2028 -1 .1108 -0 .1412
.525 +0 .2 1 0 0 - 1 .1531 -0,1551
.350 +0.2181 - 1 .2009 - 0 .1 695
.575 +0.2273 -1 ,2546 —0 .1 8 4 6
.4 0 0 +0.2377 -1*3150 -0 ,2003
.425 +0.2495 - 1 .3832 - 0 , 2 1 67
.450 +0 .2 6 2 8 -1  *4603 -0 .2340
*475 +0 .2780 - 1 .5475 - 0*2521
*500 +0.2952 -1 *1647 - 0 .2712
q. =  .1 75
.025 +O.1888 - 0 .8 4 1 9 +0.0104
.050 +0.1895 -0 ,8 5 1 4 -0 ,0209
-075 +0.1907 -0 .8 6 2 7 -0 .0 3 1 4
.100 +0.1924 - 0^8760 - 0.0420
o125 +0.1947 +0*8915 -0 .0528
, i5 o +0.1974 -0*9092 -0*0651
•175' +0.2008 -0 .9293 - 0.0747
.200 +0.2046 -0.9521 -0 ,0860
•225 +0,2093 -*0.9778 -0 .0976
.250 +$,2146 -t1 ,0069 —0 .1 094
•275 +0,2206 -1 .0 3 9 4 •+0*1216
,300 +0,2275 -1 .0758 - 0*1342
.325^ +0.2355 - 1.1166 -0*1471
*350 +0*2441 - 1.1623 -O.1605
*375 +0,2540 -1 .2135 -0 ,1 7 4 4
.400 +0,2655 -1 .2 7 1 0 - 0 .1888
*425 +0*2779 -1 .3 3 5 4 -0 .2037
.450 +0.2922 -1 .4079 -0 ,2193
.475 +0.3Q84 -1 .4595 -0*2354
•500 +0.3267 -1 .5816 -0 .2 5 2 2
-  0.0497  
-0 .1017  
-0 .1567  
-0 .2155  





-0 .7122  
-0 .8347  
-0 .9 7 5 4  
- 1.1380 
-1 .3 2 7 4  
-1 .5496  
-1 *8122 
- 2 . 1247 
-2*4994  
- 2 .9522  
-5 .5 0 3 7
.-0.0549  
-0 .1104  
-0 .1730  
-0 .2378  
-0*3077  
-0 .3839  








-1 .6828  
- 1 .9 6 2 0  
-2 .2923  
- 2 .6 8 6 0  
43,1584  
-3 .7 2 9 4
<£ = «200
117
,023 +0 ,2 0 9 2 - 0 .8 0 3 6 -0 .0099
,0 5 0 +0.21  GO -0.8,143 -0.0199
.075 +0.2113 - 0 .8266 -0 .0299
•1 Q0 +0.2131 —0 .8 4 0 6 - 0 .0400
.125 +0.2155 - 0*8 565 - 0 .0502
,150 +0.2185 -0 .8 7 4 5 —0.0605
•175 +0 .2 2 2 0 —0.8947 - 0 .0 7 1 0
,2 0 0 +0.2263 -0 .9 1 7 4 - 0 ,0816
.225 +0 .2 3 0 2 -0 .9 4 2 7 -0*0925
.2 5 0 +0 .2 3 6 8 -0*9710 -O.1036
•275 +0.2433 —1 .0 0 2 6 -0 .1149
,30© +0 .2 5 0 6 - 1 *0377 —0 *1266
•325 +0.2589 - 1 .0769 -0 .1385
•350 +0.2&83 - 1.1  £01 -0*1508
•375 +0 .2 7 8 8 - 1 .1169 -O.1635
.4 0 0 +Q>. 2906 - 1 .2234 -0*1765
•425 +0.3039 - 1 .2840 - 0 .1899
,450 +0.3189 -1 .3518 -O.2 0 3 7
•4 7 5 +0.3357 -1*4277 -0 .2179
.500 +0.3546 -1 .5128 - 0*2324




-0 ,3327  
-0 ,4147  
-0 ,5048  
—0.6044  
-0 ,7153  
-0 ,8403  
-0 ,9817  
-11*1427 
-1 c3275 
- 1 ,5409 
- 1,7888 
-2 ,0787  
-2 ,4197  
-2 ,8233  
-3.3041  
-3 ,8 8 0 4
q  =  * 2 2 5
.025 +0.2285 - 0 . 7626 .
•0 5 0 +O.2 2 9 4 -0*7745
.075 +0 .2 3 0 7 -0 .7878
.1 0 0 +0 .2 3 2 6 - 0 .8 0 2 6
.125 +0.2352 - 0 .8 1 9 0
•1 5 a +0.2384 -0 .8373
.175 -1O.2421 -0 .8 5 7 6
.2 0 0 +0 .2 4 6 6 -0.8801
.225 +0 .2 5 1 8 -0*9050
*250 +a;2577 - 0 .9 3 2 6
.275 +0 .2645 -0 .9 6 3 2
.3 0 0 +0,2721 -0 .9970
.325 +0.2808 -1 ,0345
.350 +O.2906 - 1 .0 7 6 0
•375 TO3015 —1 .1220
.4 0 0 +O.3 1 3 7 -1.1731
*425 +0,3275 - 1 .2 2 9 8
.45© +0*3428 - t ,2928
.475 +0*3600 M .3630
.5©0 +0*3792 -1 .4 4 1 2









- 0 .0 9 7 4
- 0 .1079
- 0 .1 1 8 6
-O.1295




-0 ,1 8 7 7  
-rO*1999 
- 0*2122
-0 ,0 6 3 4  
- 0.1300 
-0 ,1 9 9 4  
-0 .2738  
-0 .3 3 3 8  
-0*4407  
-0 .5338  
- 0*6408 
-0 .7573  
-0 ,8883  
-1 ,0357  
-1 .2031 
- 1 ,3943 
-106140  
-'1.8680  
- 2 .1 6 3 2  
-2 .5083  
-2 .9139  
-3 ,3932  
-3 ,9 6 2 7











































-0 .7326  
-0 .7469  
-0 .7 6 2 4  
-0 .7 7 9 4  
-0 .7 9 8 0  
—0«8184 
-0 .8407  
-0 .8652  
-0.8921 
-0*9217 
-0 .9542  
- 0.9900 


























—0 o 1 404
—0.1506 
- 0 .1610 
“0.1713 
- 0 . 1816 








-0 .6697  
- 0.7905
-0 .9 2 5 4  
-1 .0770  
-1 .2483  
-1.4431 
-1 .6657  
-1 .9217  
-2 .2 1 7 4  
-2*5608 







































































-0 .0 3 3 2  
-0 .0415  
- 0*0500 








-0 .1286  
-0 .1375
- 0 .1 463


































•0 2 5 +0.2799 -0 .6 2 8 7 -0 .0 0 7 7
.0 5 0 +0.2.808 -0 .6443 -0 .0153
o075 +0*2823 —O06605 -O .023O
o100 +0.2844 -0 .6776 -0o0307
.1 2 5 +0.2871 00 .6956 -0 .0385
.1 5 0 +0 .2 9 0 6 -0 .7148 - 0 ,0462
•175 +0.2947 -0-7353 -0 .0 5 4 0
.2 0 0 +0.2995 -0 .7573 - 0*0618
.225 +0 .3 0 5 0 - 0 .7 8 1 0 -O.O657
o25Q +0.3114 -O.3065 -0*0775
.275 +O.3186 -0.8341 -0*0854
.3 0 0 +0.3267 - 0 .8640 - 0 .0933
o325 +0.3358 -0 .8 9 6 4 -1 .0113
•330 +0.3459 -0 .9316 -1 .0895
•375 +0.3571 - 0 .9 7 0 0 - I .1669
•400 +0 .3696 - 1 .0 1 1 7 -1 .2430
•425 +0.3833 -1 .0572 -1 .3173
•430 +O.3985 - t  .1067 -1.3891
•475 +0.4153 *^ l *1-609 -1 .4573















































+0.2946 - 0.5820 -0.0071
+0.2955 -0 .5 9 8 7 -0.0141
+0.2970 -0 .6159 -0  40212
+0.2992 -0 .6336 - 0.0283
+0.3019 - 0.6522 -0 .0 3 5 4
+0.3054 -0 .6 7 1 7 -0o0425
+0.3095 -O.6922 -0 .0496
+0.3143 -0.7141 - 0.0566
+0*3199 -0 .7 3 7 3 -0 .0637
+0.3263 - 0*7622 - 0.0708
+0.3334 - 0.7888 -0 .0778
+0.3415 -0 .8175 -0*0847
+0.3505 -0 .8483 - 0*0916
+0.3605 -O .8816 -0 ,0983
+0.3716 -0*9175 -0 .1049
+0*3838 -0^9564 -0d1113
+0.3973 -0 .9985 -0*1174
+0 0.4121 -1 .0 4 4 0 - 0.1232
+0*4283 -1 .0933 -0 .1285
+O.446O -1 .1468 -0,1331
- 0.0721 
-0 .1473 
-0 .2264  
- 0 .3102  
-0 .3997  
- 0.4960 
-0 .6004  
















.025 +0.3205 - 0.4881 -0 .0059 - 0,0728
.050 +0.3214 - 0.5069 -0 .0117 -0.1486
.075 +0.3229 -0 .5258 - 0.0176 -0.2282
.100 +0.3250 -0 ,5448 -0 .0 2 3 4 -0,3123
.125 ■1+0.3277 -0 .5643 -0 .0292 -0 .4018
.150 +0.3311 -0 .5843 -O.O35O -0.4977
.175 +0.3352 -0 .6050 - -0 .0407 - 0.6010
.200 +0,3399 -0 .6265 -O.0463 -0 .7130
.225 +0.3453 '-0 .6 4 8 9 -0 .0519 -0 .8350
.250 +0.3515 -O .6726 -0 .0 5 7 4 —0,9686
.275 +0.3585 -0 .6 9 7 4 -0 .0628 -1 .1155
.300 +0.3662 -0*7238 -0 .0 6 8 0 -1 ,2777
.325 +0.3748 -0 .7 5 1 7 - 0.0730 -1 .4576
.350 +0.3844 -0 .7813 - 0.0778 -1 ,6577
*37 5 +0.3948 - 0.8129 -0 .0823 - 1 . 881.0
.400 +0.4063 -0 .8465 -O.O864 -2 .1308
.425 +0,4188 -0 .8 8 2 4 -0 .0902 -2 ,4108
.450 +0,4325 -0 .9208 -0*0934 -2 ,7253
•4£?5 +0.4473 -0 .9617 -O.O961 -3*0791
•#>0 +0,4632 - 1 .0053 -0 .0979 -3°4772
q -  .375
,025  +0*3081 -0 .5 3 5 0  -0 ,0065  -0 .0727
,0 5 0  +O.309O - 0 .5 5 2 8  -0*0129 -0 ,1485
*075 +0 ,3 1 0 6  - 0 .5 7 0 8  -0 .0 1 9 4  -0 .2282
.1 0 0  +0.3127 -0 .5893  - 0 .0258  -0 .3124
.1 2 5  +0 ,3 1 5 6  -0 ,6083  -O.O323 - 0 ,4023
.1 5 0  +0+3189 - 0 .6 2 8 0  -O.O387  - 0 .4588
.1 7 5  +0 .3 2 3 0  -0 .6 4 8 7  -0.0451 -Q .6030
.2 0 0  +0 ,3 2 7 8  -O .6703  -0 .0515  - 0 .7 1 6 4
,225  +0.3333 -0 ,6 9 3 2  -0 .0578  -0.8403
.2 5 0  +0 .3 3 9 6  -0 .7 1 7 4  -0 .0 6 4 0  - 0 .9766
.275 +0.3467 -0 .7 4 3 2  - 0 .0702  - 1.1271
,3 0 0  +0.3547 - 0*7706 - 0 .0763  H .2941
,3 2 5  +O.3635  -0 .8000  - 0 .0822  - 1 .4802
.3 3 0  +0 .3 7 3 3  - 0 .8 3 1 4  -0 .0879  - 1 .6885
.3 7 3  +O.3841  - 0 ,8 6 5 0  -0 .0 9 3 4  ,9222
.4 0 0  +O.396O - 0.9012  -0 .0 9 8 7  -£ .1 8 5 4
*425 +0.4091 -0.9401 -0 ,1035  -2 .4825
.4 3 0  +0 .4233  - 0.9819  - 0 .1 0 8 0  - 2 .8188
*475 +0.4389 - 1 .0 2 6 8  -0 .1119  - 3.2001
,aoo  +0.4558 -1.0751 -0.1151 -3*6331
q = .4 0 0
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• 0 2 5
• 050 
. 0 7 5  
.1 0 0  
.1 2 5 -  
. 1 5 0  
* 1 7 5  
.2 0 0  
. 2 2 5  
.2 5 0  
.275  
.5 0 0  
. 5 2 5  
. 5 5 0  
. 5 7 5  
.400 
. 4 2 5  
. 4 5 0  






















- 0 , 4 4 1 7 - 0 . 0 0 5 3
- 0 , 4 6 1 4 - 0 . 0 1 0 5
- 0 . 4 8 1 0 - 0 . 0 1 5 8
- 0 . 5 0 0 7 - 0 . 0 2 1 0
- 0 . 5 2 0 5 - 0 , 0 2 6 2
- 0 . 5 4 0 7 - 0 * 0 3 1 3
- 0 . 5 6 1 4 —O .O 3 6 3
- 0 . 5 8 2 8 - 0 . 0 4 1 3
- O . 6 0 4 9 - 0 . 0 4 6 2
- 0 . 6 2 7 9 - 0 . 0 5 0 9
- 0 . 6 5 2 0 - 0 , 0 5 5 5
- 0 . 6 7 7 2 - 0 . 0 6 9 9
- 0 . 7 0 3 8 -0 .0 |& 4 1
- 0 . 7 3 1 8 - 0 . 0 6 8 0
- 0 . 7 6 1 4 - 0 . 0 7 1 5
- 0 . 7 9 2 7 - 0 . 0 7 4 7
- 0 , 8 2 5 9 - 0 * d V 7 4
- 0 , 8 6 1 1 “ O . 0 7 9 6
- 0 . 8 9 8 4 - 0 . Q 3 1 1
- 0 . 9 3 7 8 - 0 , 0 8 1 9
- 0 .0723 
-0 .1477  
-0 .2267  
-0 .5100  
-0 .5986  
-0 .4952  
-0 .5949  
-0*7047  
-0 .8259  
-0*9540  




















*0^5 ■*0.3415 -0 .3 9 6 2 -0 .0 0 4 7 -0*0714
.0 5 0 +0.3424 - 0 . 4167 ■O.QP94 -0*1458
*075 -fO.3439 -0 .4 3 7 0 - 0 , 0.140 -0 .2237
.1 0 0 -0*3459 -0*4571 - 0*0186 -0 .3058
,125 +0.3435 “0 .4773 - 0*0232 -0 .3928
•150 +0.3517 -0*4977 - 0 .0278 - 0 .4856
•175 +0 .3 5 5 6 -0^5184 -O.O321 -0 .5850
.2 0 0 -0 .3 6 0 1 -0 .5 3 9 5 -+O.0 3 6 4 - 0.6921
•225 +0 .3 6 5 2 -0 .5613 —0*0406 -0 .8079
• 250 +0.3710 -0 ,5838 -0 .0446 -0 .9338
*275 +0.3776; -0.6071 - 0*0485 - 1 0O709
,3 0 0 +0,3848 -0 .6313 -O.Q521 - 1 ,2 2 1 0
*325 +0 ,3928 - 0 .6566 -O.P555 - 1 ,3856
.350 +O.4016 —0*6831 -O.P586 “ 1 .5668
.375 -0 ,4112 -0 ,7109 -O.O613 - 1 ,7  665
,4 0 0 -0 .4 2 1 6 -0.7401 —0 ,0 6 3 6 -1 .9870
.425 +0.4329 - 0 .7708 -0 .0 6 5 4 -2 .2309
.450 +0*4451 - 0 .8 0 3 2 -O.D666 -2 .5009
*475 +0.4582 -0.8371 -o .b 6 7 i -2 .7998
,500. •0*4722 -O .8729 -0 .p669 -3*1306
q =.450
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,025 +0.3504 -0 .3518 -0.0041
,050 *0.3512 -0 .3730 —0,0082
,075 +0.3526 -0-3938 —0,0123
,100 +0*3545 -0 .4 1 4 4 - 0+0163
,125 +0*3571 -0 .4349 -0 ,0203
,150 +0 . 3.602 -0*4554 - 0 ,0242
.175 +0.-3639 -0,4761 -0*0280
,200 +O.3683 -0 .4971 -0.031,7
,225 +0.3732 -0 .5185 -0 ,0352
,250 +O.3788 -0 .5 4 0 4 - 0 .0386
,275 +0.3851 -O .56 3 0 - 0 ,0 4 1 8
.300 +0 .3920 ■+0*5863 -0 .0447
325 +O.3996 - 0 ,  6104 -0 ,0473
,350 +0 .4 0 8 0 -0*6356 -0 .0496
.375 +0.4171 -O+6617 -0 .0515
,400 +0.4269 -0*6890 -0*0530
,425 +0.4375 -0 .7 1 7 4 -0 .0540
,450 +0.4489 -0 .7472 -0 ,0 5 4 4
,475 +0.4611 - 0 .7 7 8 2 —0.0541
,500 +0,4740 - 0 .8106 - 0 .0528
- 0.0701 
-0,14-31 
- 0 ,2195 
-0,2999  
-0 .3849  
-0 .4754  
-0.5721  
-0 .6759  
-0 ,7878  
-0.9-088 
-1 ;0402 
-1 ,1833  
-1 ,3394- 
- 1 .5103 




- 2 .6 5 0 0
-2.94-95
q = *475
. 02fc +0.3580 -0 .3 0 8 7 -0 .0036 -0 .0685
.0 5 0 +0 .3588 -0 .3305 -0.0071 -0 .1397
*075 +0 .3 6 0 2 -0 .3518 - 0*0107 -0 .2142
.1 0 0 +0,3621 - 0 .3728 -0.0141 - 0 .2925
.125 +O.3645 -0 .3935 -0 ,0175 -0 .3752
.1 5 0 +0.3675 -0,4141 -0.0209 - 0 ,4 6 3 0
*175 +0.3711 -0*4347 —0t024l -0 .5565
.2 0 0 +0.3752 -0 .4555 - 0 L0272 - 0 ,6566
.225 +0 .3 8 0 0 -0 .4766 - 0*0301 -0.7641
.2 5 0 +0.3853 -0 .4 9 8 0 - 0 .0328 -0 .8799
*275 40.3913 -0 ,5199 -0 ,0353 ■^ i!b 0052
.3 0 0 +0.3979 -0 .5 4 2 4 -0 ,0376 -1 ,1409
*325 +O.4051 -0 ,5655 -0 ,0395 - 1 .2884
.3 5 0 +0,4130 -0 .5893 -0.0411 - 1 0 44-8.8
.375 +0.4215 +0.6.139 -0.Q424 -1 o6237
.4 0 0 +0 .4308 -0 .6 3 9 4 —0.0431 - 1 . 8145
.425 +0,4407 -0*6659 —0,0434 - 2*0227
.450 +0.4513 -0+6933 -O .043O - 2 .2 5 0 0
+475 +0 . 4-626 -0 ,7 2 1 7 - 0 ,0420 - 2 . 498O
.5 0 0 +0.4745 -0 .7512 - 0*0402 - 2 .7 6 8 2
q = . 5 0 0
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